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Abstract—In  this paper, we consider composite
mulipath/shadowing fading channels characterized by Nakagami-
m fading with Inverse Gaussian shadowing, and Rice fading with
Inverse Gaussian shadowing. These channel models are very
convenient for land mobile satellite systems and communications
with low mobility or stationary users. From an analytical
standpoint, one major advantage of these models is that they
lead to closed-from expressions for the envelope probability
density function (pdf) and the cumulative density function
(CDF). Moreover, in this paper, we derive mathematically
tractable new expressions for fundamental channel statistics
such as the level crossing rate (LCR) and the average fade
duration (AFD). Also, we validate our analytical results by
providing several numerical examples showing the LCR and the
AFD as a function of the Nakagami-m factor, Rice factor, and
shadowing spread.

I. INTRODUCTION

The statistical characterization of the received signal enve-
lope, in terms of LCR and AFD, in fading and shadowing
environments, is very useful in predicting the transmission
performances of various modulation schemes. Moreover, the
LCR and AFD can carry useful information about the burst
error statistics [1], which facilitate the design and selection
of error correction techniques [1], or adaptive modulation
schemes.

In wireless communications, measurements have shown that
the received signal envelope in outdoor microcellular envi-
ronments is Rician-distributed, since a line-of-sight (LOS)
propagation path is commonly present [2]. Rician fading also
characterizes the propagation conditions for picocells, which
are suitable models for indoor wireless communications. On
the other hand, the Nakagami fading model has also been
shown to fit well some urban multipath propagation data [3].
In addition to these fading-only models, the received signal
envelope may suffer from shadowing which is shown to be
log-normally distributed [4]. In such settings, the receiver
is subject to the composite multipath/shadowing signal [5].
The resulting composite probability density function (pdf) is
unfortunately not in closed form, thereby making the perfor-
mance evaluation of communication links over these channels
cumbersome. Recently, the Inverse Gaussian distribution was
proposed as a substitute for the log-normal one [6]. The
authors proved that a composite Rayleigh-Inverse Gaussian

distribution approximates accurately the Suzuki distribution
[7]. The Nakagami-Inverse Gaussian (NIG) distribution (also
called G-distribution) was first proposed in [8] in the context of
Synthetic Aperture Radar (SAR) image modeling. The Rice-
Inverse Gaussian (RIG) model was recently proposed in [9]
as a new model for a non-Rayleigh signal amplitude.

So far, expressions for the LCR and AFD have been derived for
fading-only models, mainly Rayleigh, Rician and Nakagami
channels. In [10,11], the LCR and AFD for Rice-lognormal
and Nakagami-lognormal models have also been analyzed.
Nevertheless, as said before, performance evaluation over
these channels is rather challenging. In this paper, we consider
the Nakagami- and Rice-Inverse Gaussian models. For these
two channel types, we derive new expressions for the LCR and
AFD of the envelope. For the envelope LCR computation, we
first have to derive the joint pdf of the Inverse Gaussian (IG)
process and its derivative. Once the LCR is obtained, we derive
analytical expressions for the cumulative distribution function
of the discussed models to get the respective AFD expressions.
The remainder of this paper is organized as follows. In section
II, we define the LCR and the AFD of composite channels. In
section III, we present the joint pdf of the signal envelope and
its derivative for Inverse Gaussian shadowing with Nakagami-
m and Rice fading (i.e., NIG and RIG) channels. In sections
IV and V, we derive new general expressions for the LCR and
the AFD in both cases. Section VI provides some selected
numerical results. Section VII concludes the paper while
summarizing the main results.

II. DEFINING THE LCR AND AFD OF COMPOSITE
CHANNELS

Over a composite multipath/shadowing channel, the enve-
lope R(t) can be modeled as the product of two independent
random processes: a fading process X (¢) and a shadowing
process Y (t). The envelope LCR determines how often the
received signal envelope crosses some threshold, usually in a
positive-going direction. The LCR is given by [12, eq.(2.106)]:

L(R) = /mprR<R,f>df, R>0, ()
0

978-1-4244-2324-8/08/$25.00 © 2008 IEEE.

1

This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the IEEE "GLOBECOM" 2008 proceedings.



where pp, (7, ) is the joint pdf of R(t) and R(t) =
and is given by [13]:

Jo 7

R(t)/dt,

{ x5t = B)pyy (v, y)dy} dy,
r>0,—co <7 < oo.
2
Similarly, the envelope AFD is the average time when the
envelope process is below a given threshold R;j. The envelope
AFD is given by:

pRR(T77L) =

F(R:)
L(Rth) ’

A(Rth) = 3)

where F(R fo r)dr is the cumulative distribution
function CDF of the process R(¢).

III. DERIVATION OF py - AND py-y-

A. Derivation of py x

1) Nakagami-m Fading: When the fading process X (t) is
Nakagami-m distributed, p ;- is given in [14] as:

4(%)771,-%—0.5

/210" (0)[T (m)

2mi? z2
. — —m
Py (1.71.) _ 2m 16( Qe (0)] Q )’

z>0,—0c0 <z < oo0.
“)
In (4), I'(-) is the Gamma function, Q = E[z?], and m is
the fading severity parameter (m > 0.5). p(7) is the normal-
ized autocorrelation function of X (¢), and p”(7) denotes the
second derivative with respect to 7.
2) Rice Fading: Assuming a symmetrical power spectral
density of X, the joint pdf py ¢ (x,&) of a Rician fading
process can be derived as [9]:

[

X 2243
(T, 1) = ——————€" 20 [j(—=)e 22701,
Pxx(md) =g 277 (0)]92 (75 5

In (5), 3?/2 is the Rice factor and Io(-) is the zero-order
modified Bessel function of the first kind. Note that when the
LOS component is absent (3 = 0), equation (5) reduces to the
well known Rayleigh pdf.

For equal-amplitude incoming multipath waves with indepen-
dent phases, the correlation function is given by:

p(7) =

where Jy(.) is the zero-order Bessel function and f,q. is
the maximum Doppler shift. The corresponding correlation
coefficients are calculated as:

p(0) =1,
p"(0) = *2(7Tfmaac)2 = ¢

B. Derivation of py-y

Jo (27Tfmax7-)a (6)

(7

For an IG process Y (t), to the best of our knowledge, the
joint pdf py- - (y,9) is not available in the literature. Let Y'(t)
be a stationary IG process and denote by (7) its normalized

underlying covariance function. The bivariate density of this
process is, after some manipulations, given by [15]:

A I S
1—92)yiy3
A

y2*9]27

Py, (yh yz) =

y1—-6 (y1-6)(y2—0)

{6292(1 w?)[ VIT | VU2 62(1+v)  JUivs (8)
-2 = 0_1/2—9]2_ A (W1—-0)(y2—0)
+e 202 (1—+2) ! VU1 VY2 62(1—1) VY192

where 6 and )\ are, respectively, the mean and the scale
parameters. This definition, proposed by Kocherlakota [15],
generalizes and corrects the pdf introduced by Wasan [16] in
1986.

For the shadowing process, the covariance function ¥(7) is
commonly assumed to follow a Gaussian shape [9]:

W(r) = e 20, ©)

where o is related to the 3-dB cutoff frequency fs according
to fs = 0svV2In2. Note that f, is, in general, much smaller
than the maximum Doppler frequency fi,q.- It is therefore
convenient to introduce the ratio n = fiaz/ fs-

To compute Py y, we follow the strategy in [17]

Pyy (y,9) = I 7oy, (1 = y = 97/2,92 = y +§7/2).

(10)
As 7 approaches 0, we have
bir) & 1+ P 10 an
1—4?(r) = —w”< )7+ 0(7%),
where, from (9), we obtain:
$(0) =1, and ¢"(0) = —(270,)*. (12)
Since ¢"(0) < 0, we obtain:
_ by (W1 -0)(y2—0)
lir%e 02a-y)  Vv¥IT2 = (), (13)
Consequently,
N A T 27//3(!/'*‘9)2 Aw
pYY(yvy)_}_li%E ﬁfﬂpegew 0) y v
(14)
Finally, using the fact that lim,_.g \/17_1/)2 = \/_;“(o)’ we
get:
. A1 (- Ayz(yﬂ?)r"fi(y*@ﬂ)
- (1, = —¢ 86025y3 02 v , (15)
pyy(y ) 4r/8 P

where § = —¢"(0).

IV. DERIVATION OF THE ENVELOPE LCR
A. Envelope LCR in Nakagami-m fading Inverse Gaussian
Shadowing (NIG) channels

By substituting (4) and (15) in (2), the LCR expression for
NIG channels is obtained after some simplifications using [18:
eq. 3.323.2, 3.461.3] as:

0 Q ’rn—— m—
L(R) = 2;?(7%4‘)( ) REmt f W
_ 2 w=0?% g2
e 9>\2 y— Y g;z \/(y + 0) 16)7\7:7’9629}%2 dy,
(16)
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where n, = % A closed-form expression of (16) is rather
tedious to find. However, it can be readily expressed by a
series expansion based on Gauss-Hermite integration [19].
Thus, using a change of variable z = e%y, the LCR in NIG
channels can be written as:

2x ( z) Q¢

L(R) = e Sy (8)" 2 P S s
— A —m B 16mA2R2
e ©%en Q6 m"\/(xn+ ) T7L+7+R

(17)
where N is the Hermite integration order and Ry is a remain-
der term that decreases as NN increases. In (17), the weights,
wy,, and the abscissas, x,, for N up to 20 are tabulated in
[19, Tbl. 25.10]. From (17), we define the Gauss-Hermite
representation of the LCR in NIG channels by removing the
remainder term Ry .

B. Envelope LCR in Rice fading Inverse Gaussian shadowing
(RIG) channels

By substituting (5) and (15) in (2), the LCR expression in
RIG channels will be given by:

FHEe
(y+0)2y (%) dy.

52
e~ 29 0V AQ
L(R) = <=2 R [
\/ 462 R?
An:Q
(18)
Similarly, the LCR above can be accurately calculated using
the Laguerre-Gauss Quadrature method.
Substituting ¢ = Vor fmaz, (16) and (18) can be normalized

with respect to f,q2, and the formulas become independent
of the terminal’s velocity.

V. DERIVATION OF THE ENVELOPE AFD

A. AFD in Nakagami-m fading Inverse Gaussian shadowing
(NIG) channels

In order to compute the AFD, we need to derive the CDF
of the envelope process. For the NIG model, the envelope pdf
p(r) is given by [20]:

dx " K(x)

. =1 K1 (2), (22)
and integrating by parts, we obtain:
g kpa—k by/zy + 2
2Pz p— Y
JPyQ(x?:%Z) = _(q_l)' a I k+ ( )

= (yb)F(a— k) (Vay+z)p s
(23)
Consequently, the CDF of the envelope of a NIG process is

given by:

e%mm\/X( 2 ym+0.5
F(R)—1- A

Koo y(/BVmEED 29

ZZL:O 2kR2m: 2k m
(my/B)k(m—k)!  (/mR2+3)" 3
The AFD of a NIG process is finally obtained by substituting
(24) and (16) in (3).

B. Envelope AFD in Rice fading Inverse Gaussian shadowing
(RIG) channels

The pdf of the signal envelope in a RIG environment was
recently introduced in [9] as:

2 2
p(r) = \/;XB/Q\[\W mfﬁmﬂ A+ 12) 1o (Br),
(25)

where y = (1/ 2> + %) . Using an infinite series expansion
of Iy(-), the CDF of the RIG signal envelope can be expressed
as:
oo g R r2k+1
— K. A+ 7r2)dr,
Z_: /o T 23/ 3/2(x )
(26)
with ¢ = /2x%/?VAev. The computation of this CDF

requires the computation of the infinite series. To efficiently
compute the series, we truncate it and derive an upper bound
for the truncation error. Consequently, we write:

F(R) = Fn,(R) + Fx(R),
where Fy, (R) is the expression in (27) with the infinite series

truncated at the Nth term (i.e., K = Ny) and Fo(R) is the
truncation error resulting from truncating the infinite series in

27)

p(r) = (27). It can be easily seen that:
R[ (z8y2 N, (852
( liﬁ)m‘f‘% /%477117(7;6)%74217171 Km_*_%(,/{%\/mrz’;r%) Fo(R) < 7(Ntc-;-1)! fO {e( ) _ k;0 ( (zk')) 08)
m m+ 5 ’ r
VIR ) T Ko p (VA + ) dr.
where K, (-) is the modified Bessel function of the second And so, an upper bound of F,,(R) is given by:
kind and order v [19]. Using the change of variable x = r?, C
we find that the CDF of a NIG process can be expressed as: Foup(R) = N, + 1),9, (29)
t
F(R) = g |:Jm m(R%,m, %) — Jm (0,m, ;‘)} ,  (20) Where, using a change of variable z = r2, we have
R2 Y w—
where g= }/ e% KB/Q(X At Z) dz 30)
K (b\/T) 2 0 (\/>\+2)3/2
xy + 2
J, q(x,y, z) = /Iqﬂ pt3 Yy — dx, (21) Integrating by parts and using [18, eq. 2.33], we find that
; ———pt 1
(Voy+2)7 _ 1 [EiypWAFR?) | Kia(xV) n_ 82\
JEammed I=x T omrmiz T e | T aR©
A= (\/ 202 )m+ T'(m) and b = Ve *' 7(”;2)2 i(+ /2% 2) 4 X (X D
Using the fact that € erfily/ T (A+ R?) + 5) B erfz(ﬁ) ’
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where er fi(-) is the imaginary error function. Since g is not
a function of Ny, F,,(R) will tend to zero as N, increases,
showing that the remainder of the series will converge to zero.
Consequently, using (24), the envelope CDF for a RIG process
is given by:
82k ko K1 (V)

F(R) ~ szc\io (Qk)! X%+1 (fﬂil/fz—k -
Zk+1 9d—1 R2(k+2—34) K%,j(X\/W)

J=1 X RHI=0 T (agRe) 3

(32)

The envelope AFD of a RIG process is obtained by substituting
(32) and (18) in (3).

VI. SIMULATION RESULTS

The following analysis is conducted in two different shad-
owing scenario according to Loo’s model (c.f. [5] and ref-
erences therein), namely, infrequent light shadowing and fre-
quent heavy shadowing. The corresponding mean and standard
deviation of the lognormal shadowing are equal, respectively,
to (4 = 0.115, 0 = 0.115) and (4t = —3.9, 0 = 0.8). Other
values are considered to show that our approach holds in more
general cases. The corresponding Inverse Gaussian mean 6
and scalar shape parameter A are obtained using a moment
matching technique given by:

et

(72
A=————— and O=elt7, (33)
2 sinh(%)
Note that, for all the following simulations, the Laguerre-
Gauss Quadrature method was employed with N = 15.

A. Analysis in Nakagami-m Inverse Gaussian (NIG) channels

Figure 1 shows the LCR envelope, normalized to the
maximum Doppler shift f,,,,., of a NIG process, for different
values of m, in frequent heavy and infrequent light shadowing
environments. The LCR in (16) was evaluated using the soft-
ware Mathematica. The obtained results were superimposed to
those obtained using the Laguerre-Gauss Quadrature method
[19]. With N = 15, it can be easily seen that the Laguerre-
Gauss Quadrature method provides a good approximation of
the LCR expression in (16). According to Figure 1, we observe
that a smaller m or a larger o (heavier shadowing) leads to a
larger LCR. This indicates that when the instantaneous signal
is exposed to a heavier fading or shadowing, the envelope
crosses the threshold R;, more frequently. We see also that
the effect of the variation of m on the LCR is more pronounced
compared to the effect of o. Indeed, since m characterizes the
fast fading of the instantaneous signal envelope X (¢), it has
a more noticeable effect on the LCR compared to o, which
only characterizes the spread of the slowly varying shadowing
component Y (¢).

In Figure 2, we show the AFD normalized to f,,, for NIG
channels. We observe that the effect of m and o is more
pronounced for Ry, > 0 dB.

heavy shadowing

max

LCR/

Fig. 1. Envelope LCR for NIG channels in heavy shadowing (u =
—3.9, 0 = 0.8) and infrequent light shadowing (1 = 0.115, ¢ =
0.115) environments, n. = 10, = 1.

-30 -25 -20 -15 -10 -5 0 5 10
Rm[dB]

Fig. 2. Envelope AFD for NIG channels, n. = 10, = 1.

B. Analysis in Rice Inverse Gaussian (RIG) channels

Figure 3 shows the envelope LCR in frequent heavy and
infrequent light shadowing environments with different values
of (5. As expected, it can be noted that the presence of a
strong LOS component has more effect when the shadowing
is heavy. In Figure 4, in order to verify the accuracy of the
series truncation, we have plotted the CDF in (26) and (32).
It can be seen there that the effect of the error truncation is
negligible. In Figure 5, using the CDF values obtained form
(32), we calculate the envelope AFD of a RIG process as a
function of the shadowing spread. For R;;, < 0 dB, we observe
a larger AFD for more severely shadowed signals. This is as
expected because, with heavier shadowing, the received signal
is severely attenuated and tends to drop below the receiver
threshold more frequently.

VII. CONCLUSION

Composite multipath/shadowing fading environments are
frequently encountered in several propagation scenarios. In
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" this paper, we have studied two particular composite channels,
a8 9o g e namely, the Nakagami-m Inverse Gaussian channel and the
107 o R e a‘,\b\ 3 Rice Inverse Gaussian channel. We have derived expressions
7 o NN B .. . .
,.*” . g;\‘, } C)D for the joint pdf of the Inverse Gaussian process and its
10 o TN ~ derivative, the envelope level crossing rate, and the average
[ 4 » " - 2 . .
gLt v Bese B fade duration for both the aforementioned channel models. We
F e A B E . .1 .
EE w8 4 /}lj 1 also vahc'iated t.he proposeq formulas by pr0V1dlqg numerlf:al
=L o Vo ose results with various shadowing strength, Nakagami-m and Rice
-0 Voo <
S v 1 factors.
:
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