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Abstract—In this paper we investigate the end-to-end perfor-
mance of dual-hop fixed gain relaying systems under asymmetric
fading conditions. In such conditions, the links associated with
the relay network undergo different fading phenomena. In
our analysis, the source-relay and the relay-destination links
are subject to fading-only or composite multi-path/shadowing
environments. An outage analysis of the considered system is
performed and the proposed expressions are applicable to general
fading and shadowing conditions. Based on the newly derived
analytical expressions of the cumulative distribution function
(CDF) of the end-to-end signal to noise ratio (SNR), the average
bit error probability of arbitrary rectangular QAM modulations
is also computed. Some representative numerical examples of the
system performance in terms of the above metrics are provided
and discussed. For instance, it is confirmed analytically that the
relaying system exhibits better performance when the first hop
undergoes better channel conditions.

I. INTRODUCTION

Recently, a great research endeavor has been devoted to
harness the numerous benefits of relaying techniques [1].
These techniques have emerged as promising strategies to be
applied in current and future wireless systems which are in
continuous demand for higher throughput and data rates. The
main idea is that communication is achieved by relaying the
signal from the source to the destination via many intermittent
terminals in between. Amplify-and-forward (AF) is one of
the two main schemes for relaying [2] where relays without
performing any decoding, retransmit a scaled replica of the
received signal. This kind of relaying is useful when the
information is time sensitive such as voice and live video. AF
relays can be classified into two categories, namely, channel
state information CSI-assisted relays and blind relays. In
the first case, the relay uses the channel information of the
preceding hop to control the relay gain. In contrast, systems
with blind relays use amplifiers with fixed gains resulting
in a signal with variable power at the relay output. Systems
with CSI-assisted relays are expected to perform better than
systems equipped with blind relays, even though the latter are
more attractive from a practical standpoint due to their ease
of deployment.
Asymmetric relaying is defined as using distinct channel
distributions for the source-relay and relay-destination links
in contrast to symmetric relaying which uses the same fad-
ing distribution for the different links of the relay network.

Asymmetric fading conditions are highly likely to happen in
real wireless communication environments. Nevertheless, most
of the previous works assume symmetric fading for analysis
convenience. In [2,3], Hasna and Alouini have studied the
average bit error probability (ABEP) of dual-hop systems
over Rayleigh and identically distributed Nakagami-m fading
channels. Recently in [4], closed-from error analysis of the
non-identical Nakagami relay fading channel was provided for
a dual-hop fixed gain relay model. Only few works handled
the asymmetry condition, namely Surawera et al. in [5], where
they addressed the asymmetry induced by line-of-sight/non
line-of-sight fading conditions. Moreover, in [6], Adinoyi
and Yanikomeroglu have studied the case when the links of
cooperating nodes to destination experience unequal signal
strength.
This paper builds up a performance analysis framework of
a dual-hop relaying system with fixed gain relays with the
following assumptions. First, it assumes an asymmetric dual-
hop transmission where the links associated with the relay
experience different fading phenomena. Second, it considers
the versatile Nakagami-m distribution, which covers a broad
variety of multi-path fading. However, in addition to multi-
path fading, relay links may suffer from shadowing. When this
shadowing is governed by a Gamma distribution, a compound
model known as the Generalized-K distribution [7] arises.
Hence, assuming that the source-relay and relay-destination
links experience Nakagami-m or Generalized-K fading, an
outage and error analysis are carried out for the dual-hop
system with fixed-gain relays.
This paper is organized as follows. In section II we describe
the system and channel models for the dual-hop AF fixed-gain
relay system. In section III, we derive the outage probability
expressions for the asymmetric channels. Closed-form expres-
sions for the ABEP of arbitrary rectangular QAM modulation
are presented in Section IV. Numerical results and discussions
are provided in Section V, followed by concluding remarks
drawn out in section VI.

II. SYSTEM AND CHANNEL MODELS

We consider a dual-hop amplify and forward transmission
system consisting of one source (S), one destination (D)
and a relay (R). The source has no direct link with the

978-1-4244-3574-6/10/$25.00 ©2010 IEEE



destination due to the unsatisfactory quality of the channel,
and the transmission is performed only trough the relay (R).
The latter amplifies and forwards the received signal to the
destination without any sort of decoding. To amplify the signal
the relay introduces a fixed gain resulting in a signal with
variable power at the relay output. Assuming that the signal
transmitted by (S) has an average power normalized to unity,
the instantaneous end-to-end SNR at the destination, γend, can
be written as [3]

γend =
(r2

1/N1)(r2
2/N2)

(r2
2/N2) + (1/G2N1)

, (1)

where r1 and N1 are the fading amplitude and the noise power
between (S) and (R), respectively. r2 and N2 stand for the
fading amplitude and the noise power between (R) and (D),
respectively. With blind relays, the fixed gain G is such that
G2 = 1/(CN1) where C is a constant. Consequently, (1)
simplifies to

γend =
γ1γ2

γ2 + C
, (2)

where γi = r2
i /Ni represents the instantaneous SNR of the

i-th hop (i = 1, 2). Asymmetric relaying is defined as using
distinct channel distributions for the S-R and R-D links in
contrast to symmetric relaying which uses the same fading
distribution for the different links of the relay network. In
symmetric networks, the relays are assumed to be in close
proximity of the terminals or in the midway between the
source and the destination. This assumption made in most
previous works, though convenient for analysis, does not hold
in many practical systems. In this work, we investigate the
fading asymmetries induced by the presence of the shadowing
phenomena in one of the two hops. For the first asymmetry
denoted by A1, the S-R link is subject to Nakagami-m fading
and the R-D link is subject to Generalized-K fading. When
the S-R link undergoes composite generalized-K fading and
the R-D is a fading-only Nakagami distributed channel, the
Generalized-K/Nakagami fading condition is identified by A2.
When ri experiences Nakagami fading, the PDF of γi is given
by

fγi
(γi) =

mmi
i

Γ(mi)γ̄i
mi

γmi−1
i exp

(
−miγi

γ̄i

)
, (3)

whereby γ̄i = E(γi), with E(·) denoting expectation. the
factor mi is real-valued and denotes the Nakagami-m factor
of the i-th hop. As the value of mi decreases, the severity of
the fading increases. For integer values of mi, the CDF of γi

is given by

Fγi
(γi) = 1 − exp

(
−miγi

γ̄i

)mi−1∑
x=0

1
x!

(
miγi

γ̄i

)x

. (4)

When a mixture of multi-path fading and shadowing is en-
countered on the i-th hop, γi can be distributed according to
the generalized-K distribution as follows

fγi
(γi) =

2
(

λimi

γ̄i

) βi+1
2

Γ(mi)Γ(λi)
γ

βi−1
2

i Kαi

(
2

√
λimi

γ̄i
γi

)
, (5)

where mi and λi are the shaping parameters of the distribution,
βi = λi + mi − 1, αi = λi − mi, and Kν(·) is the
modified Bessel function of the second kind and order ν [8].
This versatile distribution proved to be particularly useful in
evaluating the performance of composite fading environments
where multi-path (short-term) fading is superimposed on shad-
owing (long-term fading) [7]. One of the nice properties of the
generalized-K and the Nakagami distributions is that the pdf
of the instantaneous SNR at the output of a maximum ratio
combiner with M i.i.d. branches is readily obtained from (5)
and (3) by substituting m with Mm and γ̄ with Mγ̄ [6].
Consequently, all the following study applies also if maximum
ratio combining (over i.i.d. fading) is employed at the source
and the destination.
In the sequel, considering dual hop fixed gain relaying systems
operating under A1 and A2, closed-from expressions for the
outage probability and the average bit error probability are
derived.

III. OUTAGE ANALYSIS

The outage probability (OP) is a useful link performance
measure in the presence of fading and shadowing. The OP is
defined as the probability that the output SNR falls below a
given threshold γth. This threshold is a protection value for
the SNR, above which the system is considered to remain in
an operational state. Based on our system model, the OP can
be expressed as

Pout = Fγend
(γth) = P

[
γ1γ2

C + γ2
< γth

]
, (6)

where Fγend
(·) is the CDF of the end-to-end SNR γend.

Next we calculate the outage probability applicable to fading
asymmetries A1 and A2.

A. OP under A1

In the case of asymmetry condition A1, we show that the
OP can be expressed in closed-from according to

Fγend
(γth)=1 − (

λ2m2m1C

γ̄1γ̄2
γth)

β2+1
2

Γ(m2)Γ(λ2)
e−

m1
γ̄1

γth
∑m1−1

x=0

∑x
k=0

Cx
k

x! (m1
γ̄1

γth)x−kG3,0
0,3

(
λ2m2m1C

γ̄1γ̄2
γth

∣∣∣∣ −
α2
2 ,−α2

2 , k − β2+1
2

)
,

(7)
where Gm,n

p,q [·] is the Meijer’s G-function [9, Eq. 9.301], and
Cm

n is the binomial coefficient.
Proof: From (6), the OP can be calculated as

Fγend
(γth) =

∫∞
0

P
[

γ1γ2
C+γ2

< γth | γ2

]
fγ2(γ2)dγ2

=
∫∞
0

Fγ1

(
γth(γ2+C)

γ2
| γ2

)
fγ2(γ2)dγ2.

(8)

By substituting the CDF of γ1, obtained from (4), and the
pdf of γ2, expressed in (5), into (8), and performing some
algebraic manipulations, it follows that

Fγend
(γth)=1− (

λ2m2m1C

γ̄1γ̄2
γth)

β2+1
2

Γ(m2)Γ(λ2)
e−

m1
γ̄1

γth
∑m1−1

x=0 (m1
γ̄1

γth)x−k

Cx
k

x!

∫∞
0

e−
m1γthC

γ̄1γ2 (1 + C
γ2

)xγ
β2−1

2
2 Kα2

(
2
√

m2λ2
γ̄2

γ2

)
dγ2.

(9)



The integral in (9) can be solved by expressing its inte-
grands in terms of Meijer’s G-functions1 [10, Eqs. 11 and

14], namely, using e−
m1γthC

γ̄1γ2 = G0,1
1,0

(
γ̄1γ2

m1γthC

∣∣∣∣ 1
−
)

and

Kα2

(
2
√

m2λ2
γ̄2

γ2

)
= 1

2G2,0
0,2

(
m2λ2

γ̄2
γ2

∣∣∣∣ −
α2
2 ,−α2

2

)
, thus

yielding

Fγend
(γth) = 1 − (

λ2m2m1C

γ̄1γ̄2
γth)

β2+1
2

Γ(m2)Γ(λ2)
e−

m1
γ̄1

γth
∑m1−1

x=0
Cx

k

x!

(m1γth

γ̄1
)x−k

∫∞
0

γ
β2−1

2
2 (1 + C

γ2
)xG0,1

1,0

(
γ̄1γ2

m1γthC

∣∣∣∣ 1
−
)

G2,0
0,2

(
λ2m2γ2

γ̄2

∣∣∣∣ −
α2
2 ,−α2

2

)
dγ2.

(10)
Now, by expanding the integrand (1+ C

γ2
)x using the binomial

theorem [9, Eq. 1.111], and knowing that the integral of the
product of a power term and two Meijer’s G-functions is also
a Meijer’s G-function [10, Eq. 21], the outage probability
for the dual-hop fixed gain relaying system under the fading
conditions A1 is obtained as shown in (7). As λ2 −→ ∞,
the generalized-K distribution reduces to the Nakagami-m
distribution. By applying a limit operation to (7) using the
following property

limbj−→∞ 1
Γ(bj)

Gm,n
p,q

(
bjz

∣∣∣∣ a1...ap

bj , .., bm, . . . , bq

)
=

Gm−1,n
p,q−1

(
z

∣∣∣∣ a1...ap

bj+1, .., bm, . . . , bq

)
,

(11)

and recognizing the fact that

G2,0
0,2 (z |b, c ) = 2z

(b−c)
2 Kb−c(2

√
z), (12)

a particular case of (7) yields the OP of a dual-hop relaying
system over a Nakagami-m channel recently obtained in [11,
Eq. 10].

B. OP under A2

For the second type of asymmetry A2, the shadowing is
detected on the first hop and the OP is found to be given by

Fγend
(γth)=1− (

λ1m1
γ̄1

γth)
β1+1

2

Γ(m1)Γ(λ1)

∑m2−1
n=0

Cn

n!

(
m2
γ̄2

)n

∑∞
p=0L

n−1
p

(
m2C
γ̄2

)
G3,0

1,3

(
m1λ1

γ̄1
γth

∣∣∣∣ n + p − β1
2 + 1

2

n + p − β1
2 − 1

2 , α1
2 ,−α1

2

)
,

(13)
where Ln

p (z) stands for the generalized Laguerre polynomial
[9, Eq. 8.970.1].
Proof: An alternative expression of the OP can be obtained
from (6) as follows [12]

Fγend
(γth) = 1 −

∫ ∞

γth

F̄γ2

(
Cγth

γ1 − γth

)
fγ1(γ1)dγ1, (14)

where F̄ (·) = 1 − F (·) stands for the complementary CDF
function. By substituting the CCDF of γ2, obtained from (4),

1The Meijer’s G-functions are implemented in most popular computing
softwares, such as Matlab and Mathematica.

and the pdf of γ1, expressed in (5), into (14), and performing
some algebraic manipulations, it follows that

Fγend
(γth) = 1 − 2(

λ1m1
γ̄1

)
β1+1

2

Γ(m1)Γ(λ1)

∑m2−1
n=0

(
m2Cγth

γ̄2
)n

n!∫∞
γth

e
−m2

γ̄2

Cγth
γ1−γth

γ
β1−1

2
1

(γ1−γth)n Kα1

(
2
√

m1λ1
γ̄1

γ1

)
dγ1.

(15)

The integral involved in (15) can be reformulated as

J =
∫ ∞

γth

e
−m2C

γ̄2

γth
γ1

1− γth
γ1

γ
β1−1

2 −n
1

(1 − γth

γ1
)n

Kα1

(
2

√
m1λ1

γ̄1
γ1

)
dγ1.

(16)
Knowing that for |z| < 1

(1 − z)−α−1e
xz

z−1 =
∞∑

n=0

Lα
p (x)zp, (17)

and carrying out the change of variable u = γ1/γth yield

Fγend
(γth) = 1 − 2(

λ1m1
γ̄1

γth)
β1+1

2

Γ(m1)Γ(λ1)

∑m2−1
n=0

(
m2C

γ̄2
)n

n!∑∞
p=0 Ln−1

p (m2C
γ̄2

)
∫∞
1

u
β1−1

2 −n−pKα1

(
2
√

m1λ1γth

γ̄1
u
)

du.

(18)
Finally, (18) can be solved by expressing the Bessel function
in terms of Meijer’s G-function and using [8]. Then, the OP
for the dual-hop relaying system under the second scenario
is obtained as in (13). Although (13) is given as an infinite
series form, it converges rapidly and steadily, requiring few
terms for an accurate result. From [13, Eq. 8.2.2.15] and [10,
Eq. 17], (13) can be rewritten in terms of the sum of Gaussian
hypergeometric functions [9], but for lack of space, is not
shown here.

IV. AVERAGE BIT ERROR PROBABILITY

The average bit error probability (ABEP) constitutes prob-
ably the most important performance measure of a digital
communication system. Traditionally the ABEP is computed
by averaging the conditional BEP in AWGN channel fb(e/γ)
over the SNR pdf fγend

(γ) as

fb(e) =
∫ ∞

0

fb(e/γ)fγend
(γ)dγ. (19)

Let the transmitted signal belong to an arbitrary Gray bit-
mapped I×J rectangular QAM constellation. For a coherently
detected dual-hop transmission at the reception, and condi-
tioned on the channel gains ri, i = 1, 2, or equivalently on
γend, the instantaneous ABEP can be expressed as a finite
sum of weighted Gaussian Q functions [14, eq: (22)] as

fb(e/γend = γ) = 2
log2(I·J)

(
1
I

∑log2(I)
k=1

∑(1−2−k)I−1
i=0 P (i, k)

Q
(√

2wiγ
)
+ 1

J

∑log2(J)
p=1

∑(1−2−p)J−1
j=0 P (j, p)Q

(√
2wjγ

))
,

(20)
where wk = (2k+1)2 3 log2(I·J)

I2+J2−2 , and P (i, j) are expressions of
I and J given in [14]. Q(·) is the Gaussian-Q function defined
as Q(x) = 1√

2π

∫∞
x

e−t2dt. The statistical average over the
pdf of γend involves an infinite integral of the following form

I =
∫ ∞

0

Q(
√

ξγ)fγend
(γ)dγ. (21)



To evaluate the integral in (21), we invoke an integration by
parts and consider the change of variable t =

√
ξγ to obtain

I =
1√
2π

∫ ∞

0

Fγend

(
t2

ξ

)
e−

t2
2 dt. (22)

In the system under study and for the first type of asymmetry
A1, I can be written, after replacing (7) in (22), as

I1 = 1
2 −

(
m1m2λ2C

γ̄1γ̄2ξ

) β2+1
2

√
2πΓ(m2)Γ(λ2)

∑m1−1
x=0

∑x
k=0

Cx
k

x!

(
m1
γ̄1ξ

)x−k

∫∞
0

t2x−2k+β2+1e−t2( 1
2+

m1
ξγ̄1

)

G3,0
0,3

(
m1m2λ2C

γ̄1γ̄2ξ t2
∣∣∣∣ −

α2
2 ,−α2

2 , k − β2+1
2

)
dt.

(23)
Considering the change of variable v = t2 and using [9, Eq.
7.813.1], (23) can be evaluated as

I1 = 1
2 −

(
2m1m2λ2C

γ̄1γ̄2(ξ+
2m1
γ̄1

)

) β2+1
2

2
√

πΓ(m2)Γ(λ2)

∑m1−1
x=0

∑x
k=0

Cx
k

x!
√

1+
2m1
ξγ̄1(

2m1

γ̄1(ξ+
2m1
γ̄1

)

)x−k

G3,1
1,3

(
2m1m2λ2C

γ̄1γ̄2(ξ+
2m1
γ̄1

)

∣∣∣∣ −β2
2 − x + k

α2
2 ,−α2

2 , k − β2+1
2

)
.

(24)
Finally, after substituting (24) with ξ = (2k + 1)2 3 log2(I·J)

I2+J2−2
in (19) and using (20), we arrive at the ABEP for the dual-
hop fixed-gain relaying system under A1. Now, considering
the fading condition described by the asymmetry A2, the
derivation of the ABEP follows exactly the same steps as those
performed in the A1 case. By replacing (13) in (22), I can be
expressed, using [9, Eq. 7.813.1], as

I2 = 1
2 − (

2λ1m1
γ̄1ξ )

β1+1
2

2
√

πΓ(m1)Γ(λ1)

∑m2−1
n=0

Cn

n!

(
m2
γ̄2

)n

∑∞
p=0 Ln−1

p

(
m2C
γ̄2

)
G3,1

2,3

(
2m1λ1

γ̄1ξ

∣∣∣∣ −β1
2 , n + p − β1

2 + 1
2

n + p − β1
2 − 1

2 , α1
2 ,−α1

2

)
.

(25)
As before, (25) can also be written in terms of the sum of
Gaussian hypergeometric functions.
Before presenting illustrative numerical results for the ana-
lytical expression presented above, we need to express the
parameter C involved in the previous formulas of the OP and
the ABEP. According to [3], the average of the CSI-assisted
gain is a reasonable choice for the fixed gain. This gain is also
used in semi-blind relaying systems and is given by

G2 = E

(
1

r2
1 + N1

)
=

1
N1

∫ ∞

0

1
γ1 + 1

fγ1(γ1)dγ1. (26)

Systems with CSI-assisted relays are expected to perform
better than systems equipped with blind relays. Nevertheless,
the latter are more attractive from a practical standpoint due
to their ease of deployment since they alleviate the task
of continuously monitoring the channel for its instantaneous
knowledge. In the case of scenario A1, r1 is subject to
Nakagami fading and γ1 is distributed according to (3). The
statistical averaging in (26) is then performed using [8]. As
C = 1/(G2N1), the parameter C under A1 denoted by CA1

can be easily deduced as

CA1 =
γ̄1

mm1
1 e

m1
γ̄1 Γ(1 − m1,

m1
γ̄1

)
, (27)

where Γ(·, ·) is the incomplete Gamma function [9, Eq.
8.350.2]. Under A2, r1 undergoes Generalized-K fading.
Then, by inserting (5) into (26) and using [9, Eq. 7.811.5],
the parameter C under A2 denoted by CA2 is obtained as

CA2 =

⎡
⎢⎢⎣
(

λ1m1
γ̄1

) β1+1
2

Γ(m1)Γ(λ1)
G3,1

1,3

(
λ1m1

γ̄1

∣∣∣∣ 1−β1
2

1−β1
2 , α2

2 ,−α2
2

)⎤⎥⎥⎦
−1

.

(28)
In the simulation results shown next, we use (27) and (28) to
compute the gains under scenarios A1 and A2, respectively.

V. NUMERICAL EXAMPLES AND DISCUSSIONS

In this section, we present illustrative numerical examples
to evaluate the performance of dual-hop transmissions with
fixed gain relays in an asymmetric fading environment. Some
exhaustive simulations have been carried out to check the cor-
rectness of the analytical formulas. In the formulas involving
infinite series, namely (13) and (25), the theoretical curves
were plotted using the first 20 terms, showing an exact match
with the simulated ones.
Fig. 2 depicts the OP, given in (7) and (13) for the asymmetries
A1 and A2, respectively. The OP is plotted against the average
SNR per hop γ̄1 = γ̄2 for a threshold value γth = −10dB.
We consider m1 = m2 = 2 and plot the OP curves in
frequent heavy and infrequent light shadowing environments 2.
As expected, the outage events increase as shadowing becomes
more pronounced. Moreover, it can be observed that when
one of the two hops undergoes fading and shadowing and the
other undergoes better fading conditions (no shadowing and
the same small-scale fading severity), better performance is
attained when the bad fading conditions characterize the R-D
link. This is because the gains applied to the signal, which
are obtained from the inverse of (27) and (28), depend on the
statistics of the first hop only. Fig. 3 plots the OP, given in (7)
against γ̄1. Here the power imbalance between the two hops is
investigated. The higher average SNR resulting from one of the
relays may be due to a Line Of Sight (LOS) signal component
between the source terminal and the relay, or equivalently
between the relay and the destination. Such a situation may
occur in a cell-site scheme. Note that such imbalance may
be either beneficial or harmful for the overall system perfor-
mance. Indeed, for γ̄2 > γ̄1, it is advantageous compared to
the balanced case, otherwise, it is detrimental. Fig. 3 sketches
the ABEP performance of the dual-hop relay network over
Generalized-K/Nakagami and Nakagami/Generalized-K fad-
ing. We consider 4-QAM and 16-QAM modulations obtained
from (20) by setting I = J =

√
M , where M = 4, 16. In these

curves, we consider m1 = 1,m2 = 2 and analyze the effect

2For more details on the different shadowing scenarios considered in this
paper, we refer the reader to [15] and the references therein.
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of fading asymmetry on the system performance. As expected,
the Nakagami/Generalized-K is able to provide better error
performance compared to Generalized-K/Nakagami fading.
This is due to the fact that in AF systems with blind relays, the
end-to-end performance is governed by the first hop channel
gain.
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Fig. 2. Outage probability against γ̄1 of a dual-hop blind relaying
system with balanced or unbalanced links.

VI. CONCLUSION

In this paper, we investigated the performance achieved in
two-hop wireless asymmetric networks with fixed gain relays.
We derived closed-form expressions for the outage probabil-
ity in Nakagami/Generalized-K and Generalized-K/Nakagami
fading environments. Based on the obtained formulas, new
expressions for the average bit error probability of arbitrary
rectangular QAM modulations were also derived. These results
confirm analytically that the relaying system exhibits better
performance when the first hop undergoes better channel
conditions.
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