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Abstract—In this paper, we derive for the first time analytical
expressions for the stochastic Cramér-Rao lower bound (CRLB
or CRB) of the angular parameters (central DOAs and angular
spreads) estimates from incoherently distributed (ID) signals
generated by noncircular sources. The new CRBs of the angular
parameters are compared to those obtained from circular ID
signals. The CRB of the central DOAs, however, are compared
to those obtained from both circular and noncircular point
sources. It will be shown that the CRB of both the central
DOAs and the angular spreads obtained assuming noncircular
ID sources are lower than those obtained using circular ID
sources. This illustrates the potential gain that the noncircularity
characteristic of the sources provides for the estimation of
the angular parameters, especially in presence of different
sources’ distributions and for high angular spreads. Finally,
the CRBs derived assuming noncircular ID signals decrease as
the noncircularity rate increases. Furthermore, this decrease is
more prominent at low DOA separations where the CRBs are
sensitive to the noncircularity phase separation.

Keywords: Angular parameters estimation, incoherently distributed
sources, noncircularity of the signals, stochastic Cramér-Rao lower
bound (CRLB).

I. INTRODUCTION

Direction of arrival (DOA) estimation for multiple plane
waves impinging on an arbitrary array of sensors has received
much attention, over the last several decades. In this context,
many DOA estimators have been studied assuming different
data models. The most commonly considered system model
in array signal processing is the point source model. A class
of DOA estimation methods has been developed assuming
point source modeling [1]-[3]. However, in real surroundings,
especially in modern wireless communication systems, local
scattering in the source vicinity causes angular spreading.
This more realistic signal model is called spatially distributed
source model. Depending on the nature of scattering, there
are two different classifications of the distributed sources in
the literature: coherently and incoherently distributed (CD and
ID) sources [4]. The assumption of uncorrelated ID sources
has been shown to be relevant in wireless communication
environments with a high base station [5]. Therefore, many
algorithms have been developed considering this assumption
[6]-[8].

Whatever the considered system model, the performance
of any estimator is often assessed by computing and plotting

its bias and variance as a function of the true SNR values.
In this context, a given unbiased estimator is usually said
to outperform another one, over a given SNR range, if it
has a lower variance. In signal processing practices, a well-
known common lower bound for the variance of unbiased
estimators of a given parameter is the so-called Cramér-Rao
Lower Bound (CRLB or CRB) [9]. There are two major
categories of CRBs according to the statistical characteristics
of transmitted signals: deterministic and stochastic. Despite
the simplicity of its derivation, the deterministic CRB is
known to be not achievable in practice. Hence, there has been
always interest in deriving the stochastic CRB which can be
asymptotically achieved by the stochastic ML estimator. In
fact, an explicit expression of the stochastic DOA CRB was
derived for real Gaussian distributions in [10]. This work was
extended to circular complex Gaussian distributions for both
temporally-uncorrelated and -correlated signals in [11, 12]. All
the aforementioned CRBs present some practical limitations
in the real world. In fact, they are mainly developed assuming
point sources. Therefore, recently, the work of [13] considered
a more realistic model assuming the signals to be circular
and incoherently distributed and the CRBs of the angular
parameters (the central DOAs and the angular spreads) have
been successfully derived. Yet, noncircular complex signals
are frequently encountered in digital communications. There-
fore, more recently, explicit expressions for the stochastic DOA
CRBs of both temporally-uncorrelated and -correlated signals
generated from noncircular Gaussian point sources have been
also derived in [14] and [15], respectively. But, to the best
of our knowledge, no contributions have dealt yet with the
derivation of the CRBs of the angular parameters assuming
the signals to be generated from noncircular and incoherently
distributed sources which is exactly the main focus of this
paper.

This paper is organized as follows. In Section II, we intro-
duce the system model. In Section III, an explicit expression
for the considered CRB will be derived. Simulation results
will be analyzed in Section IV and, finally, some concluding
remarks will be drawn out.
Throughout this paper, matrices and vectors are represented by
bold upper-case and bold lower-case characters, respectively.
Vectors are, by default, in column orientation, while (.)∗, (.)T

and (.)H refer to conjugate, transpose and conjugate transpose
operators, respectively. Moreover, tr(.),diag(.) and ∂.

∂. stand
for the trace, diagonal and first partial derivative operators,
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respectively, while, � represents the Hadamard-Schur product
operator. Finally, Ip and 0p×q stand for the (p × p) identity
matrix and the (p × q) null matrix, respectively.

II. SYSTEM MODEL

Consider a uniform linear array of L identical sensors
receiving the signals scattered from K distributed narrowband
far-field sources. The output of the lth array sensor can then
be modelled as a complex signal as follows for l = 1, 2, · · · , L
[6-8]:

xl(t) =
K∑

k=1

∫ π/2

−π/2

al(θ)sk(θ,ψk, t)dθ + nl(t), (1)

in which al(θ) is the response of the lth sensor to the unit en-
ergy source emitting from direction θ. Moreover, sk(θ,ψk, t)
is the angular signal distribution of the kth source that is
parameterized by the location parameter vector containing
usually the central DOA θ̄k and the angular spread Δk of the
kth source, i.e. ψk = [θ̄k,Δk]T . θ̄k is its central DOA defined
as the mass center of the corresponding angular power density
as follows:

θ̄k =
∫ π/2

−π/2

θρk(θ,ψk)dθ, (2)

with ρk(θ,ψk) is the normalized angular power density of
the kth source satisfying

∫ π/2

−π/2
ρk(θ,ψk)dθ = 1, k =

1, 2, . . . ,K. Moreover, Δk represents the maximum deviation
of θ from θ̄k. Its expression that is function of the standard
deviation σk of the kth source depends on the source angular
distribution. σk is defined as follows:

σ2
k =

∫ π/2

−π/2

(θ − θ̄k)2ρk(θ,ψk)dθ. (3)

Then, The location parameter vector ψk can be also written
as ψk = [θ̄k, σk]T , containing the angular parameters of the
kth source: the central DOA and the standard deviation. In
the literature, the Gaussian and Uniform shapes are the most
used models for the angular distribution of sources. For these
angular distributions, we have:

ΔGauss
k = σGauss

k , (4)

ΔUnif
k =

√
3σUnif

k . (5)

In this paper, we consider as angular spread the standard
deviation σk. Finally, nl(t) stands for a zero-mean, circular
Gaussian-distributed, spatially- and temporally-white noise at
the lth sensor. Stacking the data received data over the L sen-
sors, a time instant t, in a vector x(t) = [x1(t), . . . , xL(t)]T ,
it follows from (1) that:

x(t) =
K∑

k=1

∫ π/2

−π/2

a(θ)sk(θ,ψk, t)dθ + n(t), (6)

where a(θ) = [a1(θ), . . . , aL(θ)]T and n(t) =
[n1(t), . . . , nL(t)]T are the array response and noise
vectors, respectively. We also define the conjugated angular
cross-correlation kernel of the kth and k′th sources arriving
at the array from directions θ and θ′ as follows:

pkk′(θ, θ′;ψk,ψk′)=E{sk(θ,ψk, t)s∗k′(θ′,ψk′ , t)}. (7)

Recall here that we consider in this paper the ID source model.
Therefore, for each source, the components arriving from
different scatterers are uncorrelated. Moreover, we assume that
all the distributed sources are mutually uncorrelated. Thus, (7)
can be written as follows:

pkk′(θ, θ′;ψk,ψk′) = σ2
sk

ρk(θ,ψk)δ(θ − θ′)δkk′ , (8)

where σ2
sk

is the power of the kth source, δ(θ−θ′) is the Dirac
delta-function and δkk′ is the Kronecker delta. Recall also
that we consider the case of noncircular sources. Therefore,
to handle the noncircularity, we define in the same way the
unconjugated angular cross-correlation kernel as follows:

p′kk′(θ, θ′;ψk,ψk′)=E{sk(θ,ψk, t)sk′(θ′,ψk′ , t)},
=σ2

sk
γkejφkρk(θ,ψk)δ(θ − θ′)δkk′ . (9)

where γk is the noncircularity rate of the kth source satisfying
0 ≤ γk ≤ 1 and φk is its noncircularity phase. Now, since
the sources’ signals and noise components are uncorrelated,
then from (6) and using (8) and (9), we prove that the
conjugated and unconjugated covariance matrices of x(t),
which are defined, respectively, as Rxx = E{x(t)xH(t)} and
R′

xx = E{x(t)xT (t)}, can be written as follows:

Rxx =
K∑

k=1

σ2
sk
R(k)

s (ψk) + σ2
nIL, (10)

R′
xx =

K∑
k=1

σ2
sk

γkejφkR′(k)
s (ψk), (11)

where σ2
n is the unknown noise power. Moreover, R(k)

s (ψk)
and R′(k)

s (ψk) represent, respectively, the normalized conju-
gated and unconjugated noise-free covariance matrices corre-
sponding to the kth source. They are given by

R(k)
s (ψk) =

∫ π/2

−π/2

ρk(θ,ψk)a(θ)aH(θ)dθ, (12)

R′(k)
s (ψk) =

∫ π/2

−π/2

ρk(θ,ψk)a(θ)aT (θ)dθ. (13)

III. DERIVATION OF THE CRB FOR NONCIRCULAR
GAUSSIAN DISTRIBUTED SIGNALS GENERATED FROM ID

SOURCES

In this section, we assume that the transmitted signals
{s(t)}t=1,2,...,N are zero-mean Gaussian distributed and gen-
erated from noncircular ID sources. To take advantage of the
signal noncircularity, we define the extended received vector
as follows:

x̃(t) = ( x(t), x∗(t) )T
. (14)

Then, the extended covariance matrix can be written as:

Rx̃x̃ = E{x̃(t)x̃H(t)} =
(
Rxx R′

xx

R′∗
xx R∗

xx

)
, (15)

where Rxx and R′
xx are defined in (10) and (11), respectively.

As stated earlier, we consider in this paper the Gaussian and
Uniform shapes. Moreover, we assume small angular spreads.
This hypothesis is practical especially in suburban areas and
macro-cell environments [16]. Considering this assumption, it



was shown in [17] that the normalized conjugated noise-free
covariance matrix R(k)

s (ψk) can be written as:

R(k)
s (ψk) =a(θ̄k)aH(θ̄k) � T (ψk) = Φ(θ̄k)T (ψk)ΦH(θ̄k),

(16)

where Φ(θ̄k) = diag(a(θ̄k)). Moreover, T (ψk) is a (L × L)
real-valued symmetric Toeplitz matrix. It depends on the nature
of the angular distribution of the sources [17] as follows:

[T ]Gauss
pl (ψk) = exp

(
−1

2

(
2(p−l)πd

λ σk cos(θ̄k)
)2

)
, (17)

[T ]Unif
pl (ψk) = sinc

(√
3 2(p−l)πd

λ σk cos(θ̄k)
)

, (18)

with d standing for the distance between two successive
sensors and λ being the wavelength of the impinging signals.
In the same way, we have

R′(k)
s (ψ) =

∫ π/2

−π/2

ρ(θ,ψ)a(θ)aT (θ)dθ.

After algebraic manipulations as done in [17], we show
that the normalized unconjugated noise-free covariance matrix
R′(k)

s (ψk) can be written as:

R′(k)
s (ψk) =a(θ̄k)aT (θ̄k) � T ′(ψk) = Φ(θ̄k)T ′(ψk)ΦT (θ̄k),

(19)

where T ′(ψk) is a (L × L) real-valued Hankel matrix. De-
pending on the nature of the sources’ angular distribution, we
prove using [18] the following expressions:

[T ′]Gauss
pl (ψk) = exp

(
−1

2

(
2(p+l−2)πd

λ σk cos(θ̄k)
)2

)
,(20)

[T ′]Unif
pl (ψk) = sinc

(
2(p+l−2)πd

λ σk cos(θ̄k)
)

. (21)

Inserting (16) and (19) in (10) and (11), respectively, we obtain
the following expressions for Rxx and R′

xx:

Rxx =
K∑

k=1

σ2
sk

Φ(θ̄k)T (ψk)ΦH(θ̄k) + σ2
nIL, (22)

R′
xx =

K∑
k=1

σ2
sk

ejφkγkΦ(θ̄k)T ′(ψk)ΦT (θ̄k), (23)

To derive the CRB of the underlying estimation problem, we
define the unknown parameter vector as follows:

υ=
[
θ̄T ,σT ,βT ,γT ,φT , σ2

n

]T
=

[
ψT , ξT

]T
, (24)

in which ψ =
[
θ̄T ,σT

]T
represents the angular parameters

vector while ξ =
[
βT ,γT ,φT , σ2

n

]T
contains the nuisance

parameters. The vector θ̄ =
[
θ̄1, . . . , θ̄K

]T
, contains the

unknown central DOAs of the ID sources to be estimated.
Moreover, σ = [σ1, . . . , σK ]T is the vector of the standard de-
viations to be estimated as well. Besides, β =

[
σ2

s1
, . . . , σ2

sK

]T

gathers the powers of the sources. Finally, γ = [γ1, . . . , γK ]T

and φ = [φ1, . . . , φK ]T gather their noncircularity rates and
phases, respectively. The CRB of the unknown parameter
vector, υ, is defined as follows:

CRB(υ) = I−1
F (υ), (25)

in which IF(υ) is the Fisher information matrix (FIM) cor-
responding to the unknown parameter vector, υ. Since the
snapshots of the extended vector x̃(t) defined in (14) are
mutually independent, then, from [14], the ij,th entry of IF(υ)
is given by:

(IF)ij = N
2 tr

(
∂Rx̃x̃

∂υi
R−1

x̃x̃

∂Rx̃x̃

∂υj
R−1

x̃x̃

)
, (26)

where

∂Rx̃x̃

∂υi
=

⎛
⎝ ∂Rxx

∂υi

∂R′
xx

∂υi(
∂R′

xx

∂υi

)∗ (
∂Rxx

∂υi

)∗

⎞
⎠ .

The partial derivatives of Rxx are given by:

∂Rxx

∂θ̄i
= σ2

si

(
∂Φ
∂θ̄i

TΦH + Φ
∂T

∂θ̄i
ΦH + ΦT

∂ΦH

∂θ̄i

)
,

∂Rxx

∂σi
= σ2

si
Φ

∂T

∂σi
ΦH ,

∂Rxx

∂σ2
si

=ΦTΦH ,

∂Rxx

∂σ2
n

= IL,

∂Rxx

∂γi
=

∂Rxx

∂φi
= 0L×L.

In addition, the partial derivatives of R′
xx are given by:

∂R′
xx

∂θ̄i
= σ2

si
ejφiγi

(
∂Φ
∂θ̄i

T ′ΦT + Φ
∂T ′

∂θ̄i
ΦT + ΦT ′ ∂ΦT

∂θ̄i

)
,

∂R′
xx

∂σi
= σ2

si
ejφiγiΦ

∂T ′

∂σi
ΦT ,

∂R′
xx

∂σ2
si

= ejφiγiΦT ′ΦT ,

∂R′
xx

∂σ2
n

=0L×L,

∂R′
xx

∂φi
= jγi

∂R′
xx

∂γi
= jγiσ

2
si

ejφiΦT ′ΦT .

Therefore, from (24), IF(υ) takes the following form:

IF(υ) =
(
IFψ,ψ

IFψ,ξ

IFξ,ψ
IFξ,ξ

)
,

where IFψ,ψ
and IFξ,ξ

are the ψ- and the ξ-blocks of the
IF(υ). Moreover, IFψ,ξ

and IFξ,ψ
are the joint matrices of the

vectors ψ and the ξ. We are interested only in the ψ-block of
the CRB, which we denote by CRB(ψ). Using the inversion
of partitioned matrices Lemma [11], we obtain the following
expression for CRB(ψ):

CRB(ψ) =
(
IFψ,ψ

− IT
Fξ,ψ

I−1
Fξ,ξ
IFξ,ψ

)−1

. (27)

IV. ILLUSTRATIVE SIMULATIONS

In this section, we present some graphical representations
showing the CRB of the angular parameters derived assuming
noncircular ID sources . This CRB will be compared to the
CRB derived in [13] for circular ID sources [referred to here-
after as CRBcir] and to the CRBs of the central DOA derived
in [9] and [14] assuming point iid sources for both circular



and noncircular signals, respectively. In all simulations, we
consider a uniform linear array of 6 sensors separated by half
a wavelength. The number of snapshots is N = 1000.
We first consider two equipowered noncircular ID sources
with identical noncircularity rate γ = 1 and noncircularity
phases φ1 = π/3 and φ2 = π/4. The sources are located
at central DOAs θ̄1 = 10° and θ̄2 = 30° with respective
standard deviations σ1 = 3° and σ2 = 5°. Figs. 1(a) and
1(b) show both log(CRBnoncir) and log(CRBcir) of θ̄1 and
σ1, respectively, as a function the SNR when the sources
have: i) the same Gaussian angular distribution (i.e., GID)
and ii) different angular distributions (the first source have a
Uniform angular distribution (i.e., UID) and the second source
is GID). We see from Figs. 1(a) and 1(b) that the CRBs
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Figure 1. CRBnoncir and CRBcir of θ̄1 and σ1 versus the SNR in logarithmic
scale.

obtained assuming noncircular ID sources are lower than those
derived considering ID sources to be circular, especially for
low SNR values. This illustrates the performance gain that the
noncircularity offers to the estimation of the central DOAs
as well as the angular spreads notably when the signals are
very corrupted by the noise. We also show that the CRBs
for the DOAs and the angular spreads depend on the form
of the angular distribution of the sources. Moreover, it can
be seen from these figures that the CRBcir converges faster to
the CRBnoncir, at high SNR, when the sources have the same
angular distribution (GID-GID in our case). This means that
for high SNR values, the noncircularity characteristic is more
informative about the angular parameters when the sources
have different distributions. Next, we study the influence of the
angular spread on the angular parameters estimation by fixing
σ2 and varying σ1. Thus, we reconsider two equipowered
noncircular sources with different angular distributions (the
first one is UID and the second one is GID). The standard
deviation of the second source is fixed at σ2 = 3° while the
standard deviation of the first source is varied from σ1 = 1.5°
to σ1 = 3° and then to σ1 = 5°. Figs. 2 and 3 show
log(CRBnoncir) and log(CRBcir) of θ̄1 and σ1, respectively, as
a function of the SNR for the three values of σ1. We also
consider in Fig. 2 the case where both sources are point (i.e.,
non-distributed) corresponding to σ1 = σ2 = 0. We see from
these figures that CRBnoncir and CRBcir increase as the angular
spread increases and so does the difference between them. This
can be explained by the fact that when σ increases, there is
more room for the noncircularity of the signals to improve
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Figure 2. CRBnoncir and CRBcir of θ̄1 versus the SNR in logarithmic scale
for different values of σ1.
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Figure 3. CRBnoncir and CRBcir of σ1 versus the SNR in logarithmic scale
for different values of σ1.

the angular parameters estimation performance. In fact, when
σ increases, the signal becomes more dispersed and then the
information provided by the noncircularity of the sources is
more constructive in the estimation of the angular parameters.
Now, to study the effect of the signals’ noncircularity parame-
ters (the noncircularity rate γ, the circularity phase separation
Δφ) on CRBnoncir under different angular separations, Δθ, we
consider in Figs. 4(a), 4(b), 5(a) and 5(b) two ID sources. The
first source is UID with central DOA fixed at θ̄1 = 10° and
standard deviation σ1 = 3 and the second one is GID with
central DOA varied from θ02 = 18° to θ02 = 30° and standard
deviation σ1 = 5.

It can be seen from Figs. 5(a) and 5(b) that CRBnoncir of
the two angular parameters decreases as the noncircularity rate
increases and this decrease is more prominent at low DOA
separations. Moreover, it is seen that the difference between
CRBnoncir and CRBcir increases as the DOA separation Δθ
decreases. In fact, the ratio between the two CRBs tends to
zero at low DOA separations (for Δθ = 8◦). Finally, from Fig.
5(a) and 5(b), we see that CRBnoncir of the angular parameters
is sensitive to the circularity phase separation especially at low
DOA separations.

V. CONCLUSION

In this paper, we derived for the first time an explicit
expression for the stochastic Cramér-Rao bounds (CRB) of
the angular parameters estimates from ID signals generated
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N = 1000 and SNR = 5 dB.
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Figure 5. CRBnoncir(θ̄1) and CRBnoncir(σ1) as a function of the noncircularity
phase Δφ for different values of DOA separation (Δθ) for γ = 1, N = 1000
and SNR = 5 dB.

by noncircular sources. This CRB was compared to that for
circular ID signals. The CRB of the DOAs estimates was also
compared to that obtained for both circular and noncircular
point sources. It was seen that the CRBs of the angular parame-
ters obtained assuming noncircular ID sources are lower than
those derived assuming circular and ID sources. This illus-
trates the potential gain that the noncircularity characteristic of
the sources offers for the estimation of the angular parameters.
Moreover, this gain is more prominent when the sources have
different distributions and when the angular spread increases.
Furthermore, the CRBs of the central DOAs estimates from
point sources are lower than those obtained assuming ID
sources. However, the noncircularity is more informative about
the DOA estimates in the case of ID sources. Finally, the
CRBs derived assuming noncircular ID signals depend on the
noncircularity rate, the circularity phase separation and the
DOA separation.
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