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Abstract—We investigate the problem of direction of arrival (DOA)
estimation from turbo-coded square-QAM-modulated signals. We
propose a new code-aided (CA) maximum likelihood (ML) direction
finding technique that exploits the soft information obtained from
the soft-input soft-output (SISO) decoder in the form of log-
likelihood ratios (LLRs). Unlike standard estimation techniques, the
proposed method improves the system performance by appropriately
embedding the direction finding and receive beamforming tasks
within the turbo iteration loop. In fact, the DOA estimates and
the soft information are iteratively exchanged between the decoding
and estimation blocks, respectively, according to the so called-turbo
principle. Simulation results show that the new CA DOA estimation
scheme lies between the two extreme direction finding schemes:
completely non-data aided (NDA) and data-aided (DA) estimations.
Moreover, the new CA DOA estimator reaches the corresponding CA
Cramér-Rao lower bounds (CRLBs), over a wide range of practical
SNRs thereby confirming its statistical efficiency in practice. The
proposed scheme can be applied to systems, as well, when they are
decoded with the turbo principle.

I. INTRODUCTION

Over the last 30 years, the increase in mobile subscriptions has
been accompanied by the adoption of more sophisticated devices
which significantly increase data traffic on mobile networks.
Consumers, in large numbers, are becoming very selective in
terms of extended data coverage and faster transmission rates.
This behavior is expected to further spread out in the foreseeable
future. However, Shannon has shown that there is a limit to the
transmission rate with reliable reception. Therefore, the decompo-
sition of a communication system into separable components can
be a considerable attempt to bypass some of the communication
limits. In particular, proper coding can improve the reliability of a
communication system by reducing the error rate while requiring
less power, for the same level of error rate, than an uncoded
system. In this context, turbo codes were introduced in 1993
[2] and are, since then, dominating the research in error control
coding. Due to their remarkable performance, turbo codes are
being currently adopted for 4G mobile communication systems
such as Mobile WIMAX (IEEE 802.16e) [3], long term evolution
(LTE) systems, LTE advanced (LTE-A) and beyond (LTE-B) [4].
Moreover, suitable modulation techniques can improve the usage
of the available spectrum. During the past few years, there has
been a growing interest on choosing the best modulation scheme
and it has been proven that QAMs are the best schemes for
achieving high data rates without affecting the available bandwidth
of the system.
The thirst for mobility is another trend that affects wireless com-
munication systems. Clearly, accurate DOA estimates are essential
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for enhanced user localization. Roughly speaking, any direction
finding technique falls in one of two broad categories: i) subspace
(SS)-based or ii) ML-based methods. SS-based methods offer a
good trade-off between computational complexity and estimation
accuracy. However, as they extract the DOA information from the
covariance matrix of the received data instead of the data itself,
they need a high SNR level and a large number of measurements
otherwise they exhibit severe performance degradations. ML ap-
proaches, however, apply the estimation process directly on the
received samples and always enjoy higher accuracy and enhanced
resolution capabilities. From another perspective, DOA estimators
can be classified to NDA and DA approaches. NDA methods
suppose that the receiver is completely blind to the transmitted
data and as such suffer from severe performance degradation in
harsh SNR conditions. DA methods, in contrast, suppose that the
entire transmitted data sequence is perfectly known to the receiver.
Therefore, they require the transmission of training (i.e., known)
sequences which limits the throughput of the system. It is essential
then, to strike a proper balance between these two extreme cases.
CA estimation sprang up exactly for this purpose.
The integration of the estimation process into the decoding loop
have attracted considerable attention over the recent years (see
[6-8]). It was shown that the assistance of the decoder could
effectively improve the estimation performance without sacrificing
the spectral efficiency of the system. More specifically, the soft
information (either the a posteriori probabilities or the extrinsic
information) returned by the soft-input soft-output (SISO) decoder
at each turbo iteration is used to assist the estimation task. In this
context, many approaches for CA estimation of the phase and
frequency (widely known as turbo synchronization) as well as the
SNR parameter have been reported in the literature (see [9-12] and
references therein). Yet, to the best of the authors’ knowledge, no
contribution has dealt with the problem of CA DOA estimation
so far.
All these facts stirred up our motivation to tackle the problem
of CA DOA estimation in turbo-coded QAM-modulated trans-
missions. We propose a low-cost CA direction finding technique
based on a ML strategy wherein the DOA estimation and the turbo
decoding tasks go side by side. In fact, at each turbo iteration, the
soft information delivered by the SISO decoder is used to refine
the DOA estimate. The latter is then used to perform more focused
receive beamforming in order to obtain more refined symbol-rate
samples for the next turbo iteration. It will be seen that the new
CA ML estimator achieves the corresponding CA CRLBs [1] over
a wide range of practical SNRs thereby confirming its statistical
efficiency in practice.
The rest of this paper is organized as follows. In Sections II, we
introduce the system model. In section III, we derive the new CA
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ML DOA estimator. In section IV, we assess its performance and
benchmark it against the CA CRLBs. Finally, we draw out some
concluding remarks in Section V.
We mention beforehand that, some of the common notations
will be used throughout this paper. Vectors and matrices are
represented by lower- and upper-case bold fonts, respectively.
Moreover, {.}H denotes the Hermitian (i.e., transpose conjugate)
of any vector or matrix. We use �{.} and �{.} to denote the
real and imaginary parts of any complex number, respectively.
The operators {.}∗ and |.| return its conjugate and its amplitude,
respectively, and j is the pure complex number that verifies
j2 = −1. We will also denote the probability mass function (PMF)
for discrete random variables by Pr[.] and the pdf for continuous
random variables by p[.]. The statistical expectation with respect
to any random variable is denoted as E{.} and the notation � is
used for definitions.

II. SYSTEM MODEL

The considered turbo-coded system consists of two systematic
recursive convolutional coders (RSCs) concatenated in parallel
via an interleaver Π1. The parity bits out of the two encoders
are properly punctured in order to achieve the desired overall
coding rate denoted as R. The systematic and parity bits are
then scrambled with an outer interleaver, Π2, and Gray mapped
onto any M−ary QAM constellation (i.e., M = 22p for some
integer p ≥ 1). The constellation symbols belong to the set
Cp = {c1, c1, · · · , cM} where each point cm is mapped onto a
unique sequence of log2(M) = 2p bits, {b̄l}2p

l=1, according to
the Gary coding principle. We use the following notation for this
mapping:

cm ←→ b̄m
1 b̄m

2 · · · b̄m
l · · · b̄m

2p.

At the kth time index, an information-bearing symbol, x(k), is
selected out of the the M constellation points, {cm}Mm=1, and sent
through the channel. We use the same notation to highlight the
mapping between x(k) and the sequence of code bits it conveys,
i.e.:

x(k)←→ bk
1bk

2 · · · bk
l · · · bk

2p.

The receiver is equipped with Na antenna branches and the
received signal is corrupted by an additive white Gaussian
noise (AWGN) which is assumed to be temporally and spatially
white. At each kth time index, the samples received over all
the antenna elements are stacked into a single vector, y(k) =
[y1(k), y2(k), · · · , yNa

(k)]T . In array signal processing terminol-
ogy, y(k) is known as snapshot and it is modeled as follows for
k = 0, 1, . . . , K − 1:

y(k) = S a(θ)x(k) + w(k), (1)

where S is the channel coefficient and x(k) is the kth unknown
transmitted symbol. Moreover, a(θ) is the steering vector of the
antennae array which is a function of the unknown DOA, θ, to be
estimated, and is given by:

a(θ) =
[
ej2πϕ0(θ), ej2πϕ1(θ), . . . , ej2πϕNa−1(θ)

]T
. (2)

In (2), {ϕi(θ)}Na−1
i=0 are some transformations of the scalar DOA

parameter that depend on the geometry of the planar array
configuration. The random noise components, w(k), are modeled
as complex circular Gaussian vectors with independent real and
imaginary parts and covariance matrix E{w(k)wH(k)} = σ2I.

III. THE NEW CODE-AIDED ML DOA ESTIMATOR

In state-of-the-art array signal processing literature, the receive
beamforming (through DOA estimation) and turbo decoding tasks
are performed in totally disjoint and cascaded tasks. In this paper,
however, the idea is to embed the DOA estimation process into the
iterative decoding loop. We will make use of the soft information
delivered by the SISO decoder in order to enhance the DOA ML
estimates from one turbo iteration to another. In essence, the ML
estimate is the one that maximizes the log-likelihood function
(LLF) of the system, i.e.:

θ̂ML = argmax
θ′

L(θ′), (3)

where L(.) is the LLF of the system and θ′ is any candidate value
that the true unknown DOA, θ can possibly take. Clearly, the first
step in finding ML estimates is to establish a simplified expression
for the underlying LLF.

A. Log-likelihood function (LLF) of the system

Let Y = [y(0),y(1), · · · ,y(K − 1)] be the space-time matrix
that gathers all the recorded snapshots. The global LLF of the
system is then defined as follows:

L(Y; θ) � ln
(
p[Y; θ]

)
, (4)

where p[Y; θ] is the pdf of Y parameterized by θ. In CA
estimation practices, the code bits can be assumed statistically
independent due to the large size of the interleaver (see [14] and
[15] and references therein). Since the transmitted symbols are
some soft representations for different blocks of the code bits, they
are also independent. Then, p[Y; θ] can be factorized as follows:

p[Y; θ] =
K−1∏
k=0

p[y(k); θ]. (5)

In (5), the pdf of each received snapshot, p
[
y(k); θ

]
, is obtained

from (1) by avereging over the Gray-coded (GC) constellation
alphabet, Cp = {c1, c2, . . . , cM}, and using the a priori probabil-
ities (APPs) of the transmitted symbols

{
Pr[x(k) = cm]

}
m

as
follows:

p
[
y(k); θ

]
=
∑

cm∈Cp

Pr
[
x(k)=cm

]
p
[
y(k); θ|x(k) = cm

]
. (6)

Moreover, using the fact that y(k), conditioned on x(k), is
Gaussian distributed and noticing that ||a(θ)||2 = Na, it can be
shown that:

p[y(k); θ] =
1

πNaσ2Na
exp
(
− 1

σ2 ||y(k)||2
)
Dk(θ), (7)

where Dk(θ) is given by:

Dk(θ) =
∑

cm∈Cp

Pr[x(k) = cm] exp
(
−NaS2|cm|2

σ2

)
×exp

(
2

σ2�
{

S cm aH(θ)y(k)
})

. (8)

Moreover, it was shown in [1], that Dk(θ) is factorized as follows:

Dk(θ) = 4 βk Hk,2p

(
uk(θ)

)
Hk,2p−1

(
vk(θ)

)
, (9)

in which the function Hk,q(.) is given (for q = 2p or 2p− 1) by:

Hk,q(x) =
2p−1∑
i=1

μk,q(i)e−ρNa[2i−1]2d2
pcosh

(
2S[2i−1]

√
Nadp

σ2 x+ Lq(k)
2

)
,



where ρ = S2

σ2 is the SNR and the expression of μk,q(i) (for
q = 2p and 2p− 1) is given by:

μk,2p(i) �
p−1∏
l=1

e(2b̄
(i)
2l −1)

L2l(k)
2 , (10)

μk,2p−1(n) �
p−1∏
l=1

e(2b̄
(n)
2l−1−1)

L2l−1(k)
2 . (11)

Moreover, dp is the intersymbol distance [16] and Ll(k) is the
LLR of the lth bit conveyed given by:

Ll(k) � ln

(
Pr
[
bk
l = 1

]
Pr
[
bk
l = 0

] ) . (12)

The two variables uk(θ) and vk(θ), denotes, respectively, the real
and imaginary parts of the receive-beamforming output in the
direction of the unknown DOA to be estimated, i.e.:

uk(θ)= 1√
Na
�{aH(θ)y(k)

}
, (13)

vk(θ)= 1√
Na
�{aH(θ)y(k)

}
. (14)

By injecting (9) in (7), it follows that the global LLF of the system
is given by:

L(Y; θ) =
K−1∑
k=0

ln
(
Hk,2p

(
uk(θ)

))
+

K−1∑
k=0

ln
(
Hk,2p−1

(
vk(θ)

))
. (15)

This simplified expression of the LLF shall be of great value
for the derivation of the new CA DOA ML estimator. In fact,
it explicitly involves the a priori LLRs of the code bits and,
therefore, offers a convenient way to directly integrate the SISO
decoder’s output in the estimation process, as will be seen shortly.

B. CA DOA ML estimator

In non-code-aided (NCA) estimation schemes, with no a priori
knowledge about the transmitted symbols, a NDA DOA estimate,
θ̂NDA, is directly obtained from the snapshots, {y(k)}K−1

k=0 . Then,
a receive beamformer steered toward this NDA DOA estimate
returns the information-bearing observations needed for data de-
coding. The required NDA DOA estimate can be obtained by
applying any of the classical direction finding techniques. In
particular, the NDA ML estimate for θ can be obtained as a by-
product of this paper as follows:

θ̂ML-NDA = argmax
θ′

L(0)(θ′), (16)

where L(0)(.) is the NDA LLF obtained directly from its CA
counterpart by setting1 Ll(k) = 0 in (15) for all l and k, i.e.:

L(0)(θ′) =
K−1∑
k=0

[
ln
(
Hk

(
uk(θ′)

))
+ln

(
Hk

(
vk(θ′)

))]
, (17)

in which Hk(.) is simply given by:

Hk(x) =
2p−1∑
i=1

e−ρNa[2i−1]2d2
pcosh

(
2S[2i−1]

√
Nadp

σ2 x
)

.

1In the NDA case (i.e., before starting data decoding), no a priori information
about the bits is available at the receiver end, i.e., P [bk

l = 0] = P [bk
l = 1] = 1/2

and therefore, owing to (12), Ll(k) = 0 for all l and k.

In (17), uk(θ′) and vk(θ′) are the real and imaginary parts of:

yk(θ′)= 1√
Na

aH(θ′)y(k),

which is the result of a receive-beamforming steered toward
any candidate direction, θ′, that the true unknown DOA, θ, can
possibly take. Clearly, the receive beamformer maximizes the
antenna gain only when θ′ = θ leading indeed to the NDA
ML estimate in (16). Once the NDA DOA MLE is acquired, the
corresponding beamforming output:

yk(θ̂ML-NDA) = 1√
Na

aH(θ̂ML-NDA)y(k), (18)

is obtained for every k and the entire sequence (for all k):

y(θ̂ML-NDA) =
[
y0(θ̂ML-NDA), y1(θ̂ML-NDA), . . . , yK−1(θ̂ML-NDA)

]T
, (19)

is used to decode the data. Clearly then, the decoder performance
is intimately tied to the quality of this NDA DOA estimate. The
latter may not, however, be sufficiently accurate in the harsh
conditions of low SNR levels and/or small number of snapshots.
In the sequel, we will introduce a novel and more elaborate
solution where both the direction finding and beamforming tasks
are embedded within the turbo decoding process. To get an easy
grasp of the new CA estimation/beamforming approach, some
details about the turbo decoding mechanism itself are provided
hereafter. In fact, using the beamforming output sequence given
in (19), the demapper extracts the so-called bit likelihoods:

Λl(k) � ln

(
P
[
y(θ̂ML-NDA)

∣∣bk
l = 1

]
P
[
y(θ̂ML-NDA)

∣∣bk
l = 0

]) , (20)

and feed them as input to the turbo decoder. Then, by exchanging
the so-called extrinsic information, the two SISO decoders return,
at each rth turbo iteration, more refined estimates, Υ̂(r)

l (k), for
the actual code bits’ a posteriori LLRs:

Υl(k) = ln

(
Pr
[
bk
l = 1

∣∣y(θ̂ML-NDA)
]

Pr
[
bk
l = 0

∣∣y(θ̂ML-NDA)
]) . (21)

After say R turbo iterations, a steady state is achieved wherein
Υ̂(R)

l (k) ≈ Υl(k), for all l and k, and its sign is used to detect
the corresponding data bit. Yet, owing to the well-known bayes’
formula, we have:

Pr
[
bk
l = 1

∣∣y(θ̂ML-NDA)
]

=
Pr
[
y(θ̂ML-NDA)

∣∣bk
l = 1

]
Pr
[
bk
l = 1

]
p(y(θ̂ML-NDA))

, (22)

and

Pr
[
bk
l = 0

∣∣y(θ̂ML-NDA)
]

=
Pr
[
y(θ̂ML-NDA)

∣∣bk
l = 0

]
Pr
[
bk
l = 0

]
p(y(θ̂ML-NDA))

. (23)

Therefore, by taking the ratio of (22) and (23) and applying the
natural logarithm, it immediately follows that:

Ll(k) = Υl(k)− Λl(k) ≈ Υ̂(R)
l (k)− Λl(k), (24)

meaning that accurate estimates for the code bit’s a priori LLRs
can be easily obtained from their steady-state a posteriori LLRs,
Υ̂(R)

l (k), and the inputs, Λl(k), computed by the soft demapper
prior to data decoding. Yet, by using Υ̂(r)

l (k) instead of Υ̂(R)
l (k)

in (24) one can obtain the estimates, L̂
(r)
l (k), of the bits’a priori

LLRs at a per-turbo-iteration basis:

L̂
(r)
l (k) = Υ̂(r)

l (k)− Λl(k), (25)
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Fig. 1: Architecture of iterative DOA estimation and turbo decoding.

instead of their steady-state estimates. Therefore, a more refined
CA ML DOA estimate, θ̂

(r)
ML-CA, can be actually obtained after

each rth turbo iteration as follows:

θ̂
(r)
ML-CA = argmax

θ′
L(r)(θ′), (26)

where L(r)(θ′) is the CA LLF evaluated using, L̂
(r)
l (k), corre-

sponding to the rth turbo iteration as follows:

L(r)(θ′) =
K∑

k=1

ln
(
H

(r)
k,2p

(
uk(θ′)

))
+ ln

(
H

(r)
k,2p−1

(
vk(θ′)

))
, (27)

where

H
(r)
k,q(x) =

2p−1∑
i=1

μ̂
(r)
k,q(i)e

−ρ Na[2i−1]2d2
pcosh

(
2S[2i−1]

√
Nadp

σ2 x+ L̂
(r)
q (k)

2

)
.

The a priori LLRs estimates, L̂
(r)
l , in (25) that are used to find

θ̂
(r)
ML-CA during the rth iteration are also modified as follows:

L̂
(r)
l (k) = Υ̂(r)

l (k)− Λ(r−1)
l (k). (28)

Note here that μ̂
(r)
k,q in H

(r)
k,q(.), for q = 2p and 2p − 1, are

obtained by using L̂
(r)
l (k) instead of Ll(k) in (10) and (11),

respectively. A missing detail that needs to be addressed here,
as well, is how the objective CA LLFs in (27) [at each rth turbo
iteration] and the NDA LLF in (17) are maximized. Actually,
as they were derived in closed-form, these LLFs can be easily
maximized using any of the popular iterative techniques such as
the well-known Newton-Raphson algorithm. In fact, the solution
to (26) is obtained iteratively as follows:

θ̂
(r)
i = θ̂

(r)
i−1 −

[(
∂2L(r)(θ)

∂θ2

)−1
∂L(r)(θ)

∂θ

]
θ = θ̂

(r)
i−1

, (29)

in which θ̂
(r)
i is the DOA estimate pertaining to the ith Newton-

Raphson iteration. The algorithm stops once the convergence
criterion |θ̂(r)

i −θ̂
(r)
i−1| ≤ ε is met to produce θ̂

(r)
ML-CA as the CA

DOA MLE during the rth turbo iteration. Note here that ε is a
predefined threshold that governs the required estimation accuracy.

Note as well that the Newton-Raphson algorithm itself is iterative
in nature. Therefore, at each rth turbo iteration, it requires a
reliable initial estimate θ̂

(r)
0 , in order to guarantee its convergence

to the global maximum of the CA LLF. In our CA estimation
scheme, at each rth turbo iteration, the algorithm is initialized
by the DOA MLE obtained during the previous turbo iteration,
i.e., θ̂

(r)
0 = θ̂

(r−1)
ML-CA . At the very first turbo iteration, the algorithm

is initialized with the NDA MLE, θ̂ML-NDA obtained in (16). The
latter is obtained by maximizing L(0)(θ) itself via the very same
Newton-Raphson algorithm initialized, however, with a broad-line
search over θ.
The new CA DOA estimator and receive beamformer is better
graphically illustrated in the block diagram of Fig. 1. As seen
there, the demapper extracts the bit likelihoods from the previous
beamforming output sequence, yi−1(θ̂r−1) and feeds them as
input to the SISO decoders which compute the a posteriori LLRs,
Υ(r), at the current turbo iteration. To be more precise, at each rth

turbo iteration, the first SISO decoder returns the estimates, Υ̂(r)
1 ,

for the a posteriori LLRs of both the data and parity bits stemming
from the first encoder. Only the a posteriori LLRs corresponding
to the data bits are then extracted and used to find their extrinsic
information which are passed as input to the second SISO decoder.
The latter also produces the a prosteriori LLRs, Υ̂(r)

2 , of the
very same data bits and the parity bits stemming from the second
encoder. Then, Υ̂(r)

1 and Υ̂(r)
2 , are punctured in order to obtain

the a posteriori LLRs, Υ̂(r), of all the code bits. Their a priori
LLRs are acquired as shown in Fig. 1 and fed to the estimation
block to find the rth DOA estimate θ̂

(r)
ML-CA.

IV. SIMULATION RESULTS

In this section, computer simulations are used to assess the per-
formance of the new CA ML estimator. The encoder is composed
of two identical RSCs of generator polynomials (1, 0, 1, 1) and
(1, 1, 0, 1), each with systematic rate R0 = 1/2. The output of
the turbo encoder is punctured in order to achieve the desired
code rate R. For the tailing bits, the size of the RSCs’ memory is
fixed to 4. We also consider 16− and 64−QAM as representative
examples for square-QAM constellations.
Figs. 2 and 3 depict the performance of the new CA ML estimator,



for 16− and 64−QAM; with two coding rates each. The CA
CRLBs [1] and the NDA CRLBs [16] are plotted as well to serve
as overall benchmarks for the performance of the new estimator
under each simulation setup. In order to highlight the performance
improvements, from an algorithmic point of view, we also plot in
the same figures the mean square error (MSE) of the completely
NDA ML estimator obtained in (16).
First, it is observed that the new CA ML estimator is able to
bridge the performance improvements offered by CA estimation
as previously predicted by the CA CRLBs theoretically. Moreover,
the fact that the CA ML estimator achieves the CA CRLBs
confirms its statistical efficiency in practice. The impact of the
coding rate on the behavior of the new CA DOA ML estimator
is also clearly observed from Figs. 2 and 3. In fact, as intuitively
expected, the performance of the new CA ML estimator improves,
in the low SNR region, by decreasing the coding rate. This is
actually hardly surprising since with smaller coding rates more
redundancy is available in the bit stream and the decoder is able to
correctly detect a larger number of transmitted bits. More specifi-
cally, higher redundancy leads to better estimates for the a priori
LLRs involved in the CA LLF of the system. For the same coding
rate, however, the performance of CA ML estimator (as well as
the CA CRLBs) deteriorate by increasing the modulation order at
any SNR value. This is actually a typical behavior that is usually
observed in NDA estimation, as well, for any parameter estimation
problem involving linearly-modulated signals. Indeed, when the
modulation order increases, the inter-symbol distance decreases
for normalized-energy constellations. As such, at the same SNR
level, noise components have a relatively worse impact on symbol
detection and parameter estimation in general. Furthermore, even
from a purely probabilistic point of view, when the ambient sample
space of the nuisance parameters (here the constellation alphabet)
gets larger, more uncertainty is introduced about each transmitted
symbol thereby rendering estimation and detection more difficult.
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Fig. 2: CA ML estimator and CRLB for 16−QAM, K = 206: (a) R = 1/2,
and (b) R = 1/3.

V. CONCLUSION

In this paper, a new code-aided ML DOA estimator was de-
signed for turbo-coded square-QAM transmissions. The direction
finding and receive-beamforming tasks were both incorporated
within the turbo iteration loop. It was seen that the new estimator
reaches the corresponding CA CRLBs over a wide range of
practical SNRs confirming thereby its statistical efficiency in
practice. It was also demonstrated that the new CA ML estima-
tor outperforms the completely blind (i.e., NDA) ML estimator
over the entire SNR range. Most remarkably, with no a priori
knowledge about the transmitted data, the new CA ML estimator
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Fig. 3: CA ML estimator and CRLB for 64−QAM, K = 206: (a) R = 1/2,
and (b) R = 1/3.

achieves the DA CRLB which corresponds to an ideal scenario
where all the transmitted symbols are perfectly known to the
receiver. The effect of the coding rate was also clearly observed
and, as intuitively expected, more redundancy led to enhanced
estimation performance due to the improved decoding capabilities
at the receiver side.
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