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Abstract—In this paper, we propose a new method for the
estimation of the angular parameters (i.e., central DOAs and
angular spreads) of noncircular and incoherently distributed (ID)
signals. Contrarily to state-of-the-art techniques, the new method
exploits the additional information about the angular parameters
that is carried in the unconjugated covariance matrix. Contrarily
to noncircular signals, this matrix is identically zero for the
circular case and, therefore, it is totally ignored by all existing
techniques when directly applied to noncircular sources thereby
leading to performance degradations. It will be seen that the
new method outperforms the main classical estimators that are
all developed for circular sources only and that its performance
advantage is more prominent at low SNR values and/or for low
DOA separations.

Keywords—Angular parameters estimation, multiple incoher-
ently distributed sources, noncircularity of the signals.

I. INTRODUCTION

Direction-of-arrival (DOA) estimation for multiple plane
waves impinging on an arbitrary array of sensors has received
much attention in array signal processing. Consequently,
many DOA estimators have been studied, assuming different
data models. Indeed, in a standard DOA estimation model,
the signals are assumed to be generated from far-field point
sources which travel along a single path to the antenna array.
For this model, several methods have been studied in the
literature [1]-[3]. However, in real surroundings, especially in
modern wireless communication systems, local scattering in
the source vicinity causes angular spreading. Therefore, the
researchers considered a realistic signal model called spatially
distributed source model. In the literature, distributed sources
have been classified into two types: coherently distributed
(CD) and incoherently distributed (ID) sources [4]. The
assumption of uncorrelated ID sources has been shown to
be relevant in wireless communications environments with
a high base station. Therefore, many algorithms have been
developed considering this assumption. Since for a distributed
ID source, the components arriving from different directions
are uncorrelated, then the rank of the noise-free covariance
matrix in this case is different to the number of sources.
Therefore, traditional subspace-based methods become not
applicable. To deal with this problem, the researchers have
defined the effective dimension of the signal subspace as the
number of the first eigenvalues of the noise-free covariance
matrix where most of the signal energy is concentrated.

They then proposed some subspace methods based on this
pseudodecomposition [4, 5]. Later, authors proposed in [6,
7] more computationally attractive but less efficient methods
based on the beamforming techniques. Furthermore, some
other contributions [8, 9] have adopted the covariance fitting
approach to estimate the angular parameters. Recently, authors
proposed in [10] a robust version of the generalised Capon
principle (GC) [7] which is the RGC method. This new
method enables the estimation of the DOAs decoupled from
that of the angular spreads of the sources. More recently,
A. Zoubir and al. derived in [11] a new subspace-based
algorithm for the estimation of the angular parameters of
multiple ID sources. It uses the property of the inverse of the
covariance matrix to exploit approximately the orthogonality
between column vectors of the noise-free covariance matrix
and the sample pseudonoise subspace. Then, it doesn’t require
the knowledge of the dimension of the signal subspace.
Despite their efficiency, all the the aforementioned methods
are developed only for circular sources.
Yet, noncircular complex signals are frequently encountered
in digital communications [12]. Therefore, efforts have
been directed to deriving new algorithms that exploit the
unconjugated spatial covariance matrix for noncircular signals
[12]-[14], but still for point sources. But to the best of
our knowledge, no contributions have dealt so far with the
problem of estimating the angular parameters assuming
the signals to be generated from noncircular ID sources.
Therefore, the aim of this work is to show the potential benefit
of the noncircularity of the signals that could be gained in
the angular parameters estimation for ID sources. In fact, we
propose for the first time an algorithm that extends the recent
method developed in [11] assuming circular ID signals to the
case of noncircular ID signals.

This paper is organized as follows. In section II, we
introduce the system model. In section III, we formulate the
newly proposed algorithm. In section IV, some simulation
results will be presented and some concluding remarks will
be drawn out.
Throughout this paper, matrices and vectors are represented by
bold upper case and bold lower case characters, respectively.
Vectors are, by default, in column orientation, while (.)∗, (.)T

and (.)H refer to conjugate, transpose and conjugate transpose,
respectively. Moreover, E{.}, tr(.), ‖.‖Froand �{.} stand for
the expectation, trace, Frobenius norm and real part operators,
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respectively. Ip and 0p×q represent the (p×p) identity matrix
and the (p× q) zero matrix, respectively. Finally, � represents
the Hadamard-Schur product operator.

II. SYSTEM MODEL

Consider a uniform linear array of L identical sensors
receiving the signals scattered from K distributed narrowband
far-field sources. The output of the lth array sensor can then
be modelled as a complex signal as follows:

xl(t) =
K∑

k=1

∫ π/2

−π/2

al(θ)sk(θ,ψk, t)dθ + nl(t), (1)

where al(θ) is the response of the lth sensor to the unit energy
source emitting from the direction θ and sk(θ,ψk, t) represents
the complex angular signal distribution of the kth source that
is parameterized by the unknown vector ψk = [θ̄k, σk]T . θ̄k is
the central DOA of the kth source defined as the mass center
of the corresponding angular power density as follows:

θ̄k =
∫ π/2

−π/2

θρk(θ,ψk)dθ, (2)

with ρk(θ,ψk) is its normalized angular power density satis-
fying: ∫ π/2

−π/2

ρk(θ,ψk)dθ = 1, k = 1, 2, . . . ,K. (3)

Moreover, σk is the angular spread of the kth source defined
here as the standard deviation of angular deviation around the
central DOA θ̄k of the kth scattered source. Finally, nl(t)
represents the additive zero-mean spatially white noise at the
lth sensor of the array.
Stacking the received data of the L sensors in a vector
x(t) = [x1(t), . . . , xL(t)]T , it follows from (1) that:

x(t) =
K∑

k=1

∫ π/2

−π/2

a(θ)sk(θ,ψk, t)dθ + n(t), (4)

where a(θ) = [a1(θ), . . . , aL(θ)]T and n(t) = [n1(t), . . . ,
nL(t)]T are the array response, and noise vectors respectively.
We also define the conjugated angular cross-correlation kernel
of the kth and k′th sources arriving at the array with the
directions θ and θ′ as follows:

pkk′(θ, θ′;ψk,ψk′)=E{sk(θ,ψk, t)s∗k′(θ′,ψk′ , t)}. (5)

We consider in this paper the ID source model. Then, for
each source, the components arriving from different scatterers
are uncorrelated. Moreover, we assume that all the distributed
sources are mutually uncorrelated. Therefore, (5) can be writ-
ten as:

pkk′(θ, θ′;ψk,ψk′) = σ2
sk

ρk(θ,ψk)δ(θ − θ′)δkk′ , (6)

where σ2
sk

is the power of the kth source, δ(θ−θ′) is the Dirac
delta-function and δkk′ is the Kronecker delta. Furthermore, we
assume that the sources are noncircular. Then, we define in the
same way the unconjugated angular cross-correlation kernel as
follows:

p′kk′(θ, θ′;ψk,ψk′)=E{sk(θ,ψk, t)sk′(θ′,ψk′ , t)},
=σ2

sk
γkejφkρk(θ,ψk)δ(θ − θ′)δkk′ . (7)

where γk is the noncircularity rate of the kth source satisfying
0 ≤ γk ≤ 1 and φk is its noncircularity phase. We assume
in this paper that the signals are fully/completely noncircular
(i.e. γk = 1). Then, (7) reduces simply to

p′kk′(θ, θ′;ψk,ψk′) = σ2
sk

ejφkρk(θ,ψk)δ(θ − θ′)δkk′ . (8)

We also consider that the sources and noise are uncorrelated,
then from (4) and using (6) and (8), the conjugated and uncon-
jugated covariance matrices of x(t) which are defined, respec-
tively, as Rxx = E{x(t)xH(t)} and R′

xx = E{x(t)xT (t)}
have the following expressions:

Rxx =
K∑

k=1

σ2
sk
R(k)

s (ψk) + σ2
nIL, (9)

R′
xx =

K∑
k=1

σ2
sk

ejφkR′(k)
s (ψk), (10)

where σ2
n is the unknown noise power. Moreover, R(k)

s (ψk)
and R′(k)

s (ψk) represent, respectively, the normalized conju-
gated and unconjugated noise-free covariance matrices corre-
sponding to the kth source. They are given by

R(k)
s (ψk) =

∫ π/2

−π/2

ρk(θ,ψk)a(θ)aH(θ)dθ, (11)

R′(k)
s (ψk) =

∫ π/2

−π/2

ρk(θ,ψk)a(θ)aT (θ)dθ. (12)

III. DERIVATION OF THE NEW DOA ESTIMATION
METHOD

This new method presents an extension of the Efficient
Subspace-Based (ESB) method [11] derived for the localiza-
tion of multiple ID and circular sources to noncircular sources.
In order to take advantage of the signal noncircularity, we
define the extended received vector x̃(t) = [x(t), x∗(t)]T .
Then, the extended covariance matrix can be written as:

Rx̃x̃ = E{x̃(t)x̃H(t)} =
(
Rxx R′

xx

R′∗
xx R∗

xx

)
, (13)

where Rxx and R′
xx are defined in (9) and (10), respectively.

After some algebraic manipulations, we obtain the following
expression of the extended covariance matrix:

Rx̃x̃ =
K∑

k=1

∫ π/2

−π/2

σ2
sk

ρk(θ,ψk)ã(θ, φk)ãH(θ, φk)dθ+σ2
nI2L,(14)

in which

ã(θ, φk) =
[
a(θ), a∗(θ)e−jφk

]T
. (15)

This extended covariance matrix can be also written as:

Rx̃x̃ =
K∑

k=1

σ2
sk
R̃(k)

s (ψk, φk) + σ2
nI2L, (16)

where R̃(k)
s (ψk, φk) is the normalized extended noise-free

covariance matrix corresponding to the kth source and have
the following expression:

R̃(k)
s (ψk, φk) =

∫ π/2

−π/2

ρk(θ,ψk)ã(θ, φk)ãH(θ, φk)dθ. (17)



R̃
(k)
s (ψk, φk) can be also given by:

R̃(k)
s (ψk, φk)=

(
R

(k)
s (ψk) ejφkR′(k)

s (ψk)
e−jφkR′(k)∗

s (ψk) R
(k)∗
s (ψk)

)
, (18)

where R(k)
s (ψk) and R′(k)

s (ψk) are previously defined in (11)
and (12), respectively. Now, to derive the new estimator, we
consider the eigendecomposition of Rx̃x̃ as follows:

Rx̃x̃ = ŨsΣŨH
s + σ2

nŨnŨ
H
n , (19)

where Ũs = [Us1,Us2] and Ũn = [Un1,Un2] denote the
partitioned eigenvectors matrices associated with the signal
and noise subspaces respectively. Moreover, Σ is a diagonal
matrix containing the signal eigenvalues of Rx̃x̃. The principle
of the signal subspace method in the noncircular ID source
case is that the columns of the extended noise-free covariance
matrix for the kth ID source are orthogonal with those of the
pseudonoise subspace. This means that:

ŨH
n R̃

(k)
s (ψk, φk) =0(2L−r)×2L, (20)

where r represents the effective dimension of the pseudosignal
subspace defined in [4]. We note here that the performance of
the method defined in (20) depends on the choice of r. To
avoid this problem, we propose, similar to the method in [11],
to use the inverse of the extended covariance matrix without
any need to the eigendecomposition of Rx̃x̃. In fact, inverting
(19), we obtain the following matrix

R−1
x̃x̃ = ŨsΣ−1ŨH

s +
1
σ2

n

ŨnŨ
H
n . (21)

By multiplying R−1
x̃x̃ by R̃(k)

s , it follows that:

R−1
x̃x̃ R̃

(k)
s (ψk, φk) = ŨsΣ−1ŨH

s R̃
(k)
s (ψk, φk)

+
1
σ2

n

ŨnŨ
H
n R̃

(k)
s (ψk, φk). (22)

For a high SNR, the signal eigenvalues in Σ are very large
and then the different elements of Σ−1 are negligible. Con-
sequently, the first term in (22) tend to zero. Moreover, from
(20), the second term is very small for {ψk}K

k=1. Consequently,

at high SNR, the quantity
∥∥∥R−1

x̃x̃ R̃
(k)
s (ψk, φk)

∥∥∥
Fro

is very

small for the values {ψk}K
k=1. Then, the angular parameters

{ψk}K
k=1 can be estimated as the locations of the smallest

minima of the following function:

f(ψ, φ)=
∥∥∥R̂−1

x̃x̃ R̃s(ψ, φ)
∥∥∥2

Fro
= tr{R̃s(ψ, φ)R̂−2

x̃x̃ R̃s(ψ, φ)}. (23)

The explicit expression of R̃s(ψ, φ) depends on the form of
the angular distribution of the sources. The most used ones in
the literature are the Gaussian, Laplacian and Uniform shapes.
Assuming these angular distribution shapes and small angular
spreads, it was shown in [5] that the normalized conjugated
noise-free covariance matrice Rs(ψ) can be written as:

Rs(ψ) =a(θ̄)aH(θ̄) � T (ψ) = Φ(θ̄)T (ψ)ΦH(θ̄), (24)

where

Φ(θ̄) = diag{a(θ̄)}. (25)

Moreover, T (ψ) is a (L × L) real-valued symmetric Toeplitz
matrix. For the sake of brevity, we will give only the expression

of T (ψ) in the case of Gaussian angular distribution and
we will consider this form in our simulations. However, the
developments given below are also valid for Laplacian and
Uniform shapes.
In the case of Gaussian distribution, this matrix has the
following expression:

[T ]Gauss
pl (ψ) = exp

(
−1

2

(
2πd

λ
(p − l)σ cos(θ̄)

)2
)

. (26)

Moreover, assuming the same angular distributions and small
angular spreads, we prove after algebraic manipulations as
in [5] that the normalized unconjugated noise-free covariance
matrix R′

s(ψ) can be written as follows:

R′
s(ψ) =a(θ̄)aT (θ̄) � T ′(ψ) = Φ(θ̄)T ′(ψ)ΦT (θ̄), (27)

where T ′(ψ) is a (L × L) real-valued Hankel matrix which
has the following expression in the case of Gaussian angular
distribution:

[T ′]Gauss
pl (ψ) = exp

(
−1

2

(
2πd

λ
(p + l − 2)σ cos(θ̄)

)2
)
. (28)

Using (24) and (27) in (18), we show after some algebraic ma-
nipulations that the normalized extended noise-free covariance
matrix R̃s(ψ, φ) can be written as follows:

R̃s(ψ, φ)=ã(θ̄, φ)ãH(θ̄, φ)�T̃ (ψ),
=Φ̃(θ̄, φ)T̃ (ψ)Φ̃H(θ̄, φ), (29)

where

Φ̃(θ̄, φ) = diag{ã(θ̄, φ)}. (30)

Moreover, T̃ (ψ) is given by:

T̃ (ψ) =
(
T (ψ) T ′(ψ)
T ′(ψ) T (ψ)

)
. (31)

Inserting (29) in (23), we prove after tedious manipula-
tions (see appendix) that the angular parameters ψk =[
θ̄k, σk

]T (k = 1 . . . K) can be estimated as the locations of
the smallest minima of the following function:

g(ψ) =�{tr{diag{a(θ̄)}A(ψ)diag{aH(θ̄)}R1}}
− abs{tr{diag{a(θ̄)}B(ψ)diag{aT (θ̄)}R∗

2}}, (32)

where

A(ψ) =T 2(ψ) + T ′2(ψ),
B(ψ) =T (ψ)T ′(ψ) + T ′(ψ)T (ψ),
R1 = R̂−2

x̃x̃ (1 : L, 1 : L),

R2 = R̂−2
x̃x̃ (1 : L,L + 1 : 2L).

IV. GRAPHICAL REPRESENTATIONS

In this section, we will present some graphical represen-
tations to show the performance of our new estimator. This
estimator will be compared to the ESB method derived in [11]
and the RGC method derived in [10]. Throughout this section,
we consider a uniform linear array of 6 sensors separated
by a half-wavelength. Moreover, we assume that the emitted
signals are complex noncircular Gaussian. The performances
of the estimators are obtained by means of 2000 Monte Carlo



simulations by calculating the root mean-square error (RMSE).
Furthermore, the number of snapshots used to estimate the
sample covariance matrix is 1000. Although our method is not
limited to a specific type of the sources’ angular distribution,
we will consider in our simulations only the case of Gaussian
angular distribution for the sake of brevity.

We first consider two uncorrelated noncircular Gaussian
sources with the same noncircularity rate (γ1 = γ2 = 1) and
with phases of noncircularity φ1 = π

3 and φ2 = π
4 . The two

sources are assumed to be Gaussian distributed (GID). The
first one is distributed with central angle θ̄1 = 5° and angular
spread σ1 = 1.5° while the second one is distributed with
central angle θ̄2 = 22° and angular spread σ2 = 3°. Figs. 1-
(a) and 1-(b) present the RMSEs of the estimates of θ̄1 and σ1

of our new method versus the SNR for N = 1000 snapshots
and compared to those of the ESB and the RGC methods.
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Figure 1. RMSEs of θ̄1 and σ1 for the new estimator, ESB and RGC methods
versus SNR for N = 1000.

We see from these two subfigures that the new proposed
method outperform the ESB and the RGC methods in terms of
lower RMSE. Moreover, it has a better estimation performance
compared with the two other estimators, especially for low
SNR values. Moreover, comparing Fig. 1-(a) to Fig. 1-(b), it
can be clearly seen that the improvement made by the new
estimator is more pronounced for the estimate of the angular
spread.
Now, to study the influence of the DOA separation on the
performances of the three estimators, we reconsider two non-
circular sources with the same angular GID distribution and
with the same angular spreads. The first source is kept fixed
at 5° while the second source is moved from 13° to 25° with
a step of 2°. The SNR is equal to 5 dB. Figs. 2-(a) and 2-(b)
display the RMSEs of the estimates of θ̄1 and σ1 of the fixed
source for the three methods versus the DOA separation Δθ
for N = 1000 snapshots.

We notice from Figs. 2-(a) and 2-(b) that the performances
of the estimators improve when the sources are largely spaced.
Moreover, these subfigures show that the new method is
statistically more efficient than the ESB and the RGC methods
especially for low DOA separation. Finally, Figs. 3-(a) and 3-
(b) exhibit the RMSEs of θ̄1 and σ1 of new estimator as a
function of the noncircularity phase separation Δφ for different
DOA separations Δθ.

We see from these subfigures that the RMSEs of the new
extended method depend more on the noncircularity phase
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Figure 2. RMSEs of θ̄1 and σ1 for the new estimator, ESB and RGC methods
versus DOA separation for N = 1000, SNR= 5dB.
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Figure 3. RMSEs of θ̄1 and σ1 for the new estimator versus noncircularity
phase separation Δφ for different DOA separations Δθ for N = 1000.

separation Δφ when the DOA separation Δθ = 8° while they
are almost insensitive to Δφ when Δθ = 20°. We can then
conclude that the sensitivity of the performance of the new
method on the noncircularity phase separation Δφ is more
prominent for low DOA separations.

V. CONCLUSION

In this paper, we developed for the first time a new method
for estimating the angular parameters assuming noncircular
and incoherently distributed signals. This method extends the
well known ESB approach to noncircular signals. The new
estimator was compared to the most recent state-of-the-art
techniques on the subject of DOA estimation of multiple ID
sources which are the ESB and the RGC estimators. We proved
that our newly proposed method outperforms the two other
methods in terms of lower RMSE. This improvement is more
prominent for low SNR levels. Moreover, we showed that the
new estimator is statistically more efficient than the ESB and
RGC methods especially for the more challenging scenario
of low DOA separation. Finally, when the sources are largely
spaced, the performance of the new estimator holds almost the
same regardless of the noncircularity phase separation Δφ.



APPENDIX - DERIVATION OF g(ψ)
We have from (23):

f(ψ, φ) = tr(R̃s(ψ, φ)R̂−2
x̃x̃ R̃s(ψ, φ)). (33)

We insert (29) in (33) and we use the following identity:

Φ̃H(θ̄, φ)Φ̃(θ̄, φ) = I2L, (34)

we obtain the following expression of f(ψ, φ):

f(ψ, φ) = tr
(
Φ̃(θ̄, φ)T̃ 2(ψ)Φ̃H(θ̄, φ)R̂−2

x̃x̃

)
. (35)

Otherwise, we have:

Φ̃(θ̄, φ)=diag(ã(θ̄, φ)),

=
(

diag(a(θ̄)) 0L×L

0L×L e−jφdiag(a∗(θ̄))

)
. (36)

Moreover, we show from (31) that:

T̃ 2(ψ) =
(
A(ψ) B(ψ)
B(ψ) A(ψ)

)
, (37)

where

A(ψ) =T 2(ψ) + T ′2(ψ),
B(ψ) =T (ψ)T ′(ψ) + T ′(ψ)T (ψ).

Now, from (19), R̂−2
x̃x̃ can be eigendecomposed as:

R̂−2
x̃x̃=
(
Ûs1

Ûs2

)
Σ̂−2

(
ÛH

s1 ÛH
s2

)
+
(
Ûn1

Ûn2

)
Σ̂−2

n

(
ÛH

n1 ÛH
n2

)
.(38)

Otherwise, we have from [12] that Ûs2 = Û∗
s1Δs and

Ûn2 = Û∗
n1Δn with Δs and Δn are diagonal matrices whose

diagonals are composed of unit modulus complex terms. Using
these identities in (38), we show that R̂−2

x̃x̃ can be written as:

R̂−2
x̃x̃ =

(
R1 R2

R∗
2 R∗

1

)
, (39)

where

R1 = Ûs1Σ̂−2ÛH
s1 + Ûn1Σ̂nÛ

H
n1,

R2 = Ûs1Σ̂−2Δ∗
sÛ

T
s1 + Ûn1Σ̂nΔ∗

nÛ
T
n1.

Substituting (36), (37) and (39) in (35), we obtain after some
algebraic manipulations the following expression of f(ψ, φ):

f(ψ, φ) = 2�{tr(diag(a(θ̄))A(ψ)diag(aH(θ̄))R1)}
+ 2�{ejφtr(diag(a(θ̄))B(ψ)diag(aT (θ̄))R∗

2)}.(40)

We minimize the expression of f(ψ, φ) in (40) with respect
to φ. We show that this function is minimum for:

φmin = π − angle(tr(diag(a(θ̄))B(ψ)diag(aT (θ̄))R∗
2)).

Consequently, minimizing (35) with respect to φ and ψ is
equivalent to minimize the function g(ψ) given in (32) with
respect to ψ.
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