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Abstract—In this paper, the asymptotic performance of mul-
tiuser multiple-antenna (MU-MIMO) relay networks employ-
ing opportunistic scheduling and operating in the presence
of rayleigh fading and co-channel interference is investigated.
Notwithstanding the system complexity, due to the newly found
complementary moment generating function (CMGF) transform,
an exact expression for the capacity, when the antenna counts at
the source and the user number are allowed to grow unbound, is
obtained. The large scale analysis embodies popular observations,
so far intuitively or empirically disclosed, through analytically
insightful new formulas. An interesting aspect of this analysis
comes from an altered view of multiuser diversity in the con-
text of cellular systems. Previously, multiuser diversity capacity
gain has been known to grow as 𝑂(ln ln(𝐾)), from selecting
the maximum of 𝐾 exponentially-distributed powers. Because
interference aware scheduling is considered, we find instead that
the gain is 𝑂(ln(𝐾1/𝑄)) where 𝑄 is the number of interferers.
Simulation results indicate a rather fast convergence to the
asymptotic limits with the system’s size, thereby demonstrating
the practical importance of the scaling results.

Index Terms—Amplify-and-forward, MIMO systems, mul-
tiuser diversity, opportunistic scheduling, co-channel interfer-
ence.

I. INTRODUCTION

Driven by the surge of shared data volume and connected
devices, multiuser multiple-antenna (MU-MIMO) relaying
networks have drawn recently a significant attention, as a
promising solution to cope with the necessities of more
efficient and larger networks. Aiming to enhance multiuser
capacity, multiple antenna communications have been actually
identified as a key enabling technique to secure the unprece-
dented data deluge these large networks are deemed to convey
[1]- [2]. As such, there has been prominent activity in the past
decade toward understanding the fundamental system capacity
limits of such architectures, notably when interference-limited,
the ultimate nature of future cellular networks [3]- [4].

Many contributions spearheaded this line of research by
considering the combination of cooperative and multiuser
diversities in the context of single-antenna communications
[5]- [7]. It has been shown in multiuser dual-hop amplify-and-
forward (AF) relaying networks, that the end-to-end signal-
to-noise ratio (SNR) is an inadequate criterion for reduced-
feedback approaches with threshold-based SNR. Alternatively,
the second-hop SNR which requires less attendant in complex-
ity at the relay, turns out to be more promising in terms of
achieved capacity.
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Aiming to further increase the system capacity and reli-
ability, another line of work dedicated to multiuser relay-
assisted networks with multi-antenna communications is long-
ing for understanding such systems [8]- [9]. In [9], capacity
is achieved by allowing the communication, through an AF
relay, of multiple antenna devices and a source, using receive
antenna diversity. It has been shown, only through empirical
trials, that spatial diversity at the destinations deteriorates the
system capacity and, further, burdens the feedback cost.

Although these works have made great strides toward under-
standing MU-MIMO relay-assisted communications, they all
rely on the absence of the harmful effect of co-channel interfer-
ence (CCI). The recognition of the interference-limited nature
of emerging communication systems, such as heterogeneous
cellular networks, has motivated several works to investigate
the impact of CCI on the performance of relay networks for
different fading models and communication setups [10]- [13].
In [11], a novel analytical capacity expression for two-hop
multiple antenna AF relaying systems have been proposed.
The more general case of multihop interference-limited com-
munications has also been treated in [12]. However the works
in [10] and [13] only consider a single-user scenario. So far,
CCI assessment in the context of multiuser relaying networks
has only recently been considered in [14] by harnessing on
opportunistic scheduling. This work, however, provides only
bounds on the system capacity without characterizing its
scaling laws.

The ultimate goal of this paper is to quantify more accu-
rately the capacity of MU-MIMO relay-assisted networks if
straightforward opportunistic scheduling is employed among
users and transmit selection is employed among sources’s
antennas in a cellular environment. More importantly, it shows
that understanding how CCI affects multiuser and spatial
diversity gains become feasible by exploiting some newly
derived scaling laws.

Notation: † is the transpose complex conjugate operator.
𝑑
=

denotes an equality in distribution. 𝒞𝒩 (𝜇, 𝜎2) is a complex
Gaussian Random Variable (RV) with mean 𝜇 and variance
𝜎2. 𝐸{⋅} is the expectation operator. 𝑀𝑋(𝑠) = 𝐸{𝑒−𝑠𝑋} is
the MGF of RV 𝑋 . 𝐹𝑋(𝑧) = 𝑃𝑟(𝑋 ≤ 𝑧) is the Cumulative
Distribution Function (CDF) of 𝑋 and 𝐹

(𝑐)
𝑋 (𝑧) = 1−𝐹𝑋(𝑧) is

its Complementary Cumulative Distribution Function (CCDF).
𝑀

(𝑐)
𝑋 (𝑠) = 1 − 𝑠𝑀𝑋(𝑠) is the complementary MGF of 𝑋

while 𝑓𝑋(𝑥) is its Probability Density Function (PDF). Γ(𝑧, 𝑥)
and 2F1(𝑎, 𝑏, 𝑐, 𝑥) denote the upper incomplete gamma func-
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tion [15, Eq.(8.350.2)] and the Gauss hypergeometric function
[15, Eq.(9.100)], respectively. In turn, the second-type Bessel
function of order 𝜈 and the exponential integral function are,
respectively, denoted by K𝜈(𝑥) and Ei(𝑥) [15, Eq.(8.222.1)].
W(𝑎, 𝑏, 𝑧) is the Whittaker hypergeometric function [15,
Eq.(9.222.1)]. ”𝜒(2𝑝)” denotes a chi-square random variable
with 2𝑝 degrees of freedom. For two functions 𝑓(𝑛) and 𝑔(𝑛),
𝑓(𝑛) = 𝑂(𝑔(𝑛)) means lim𝑛−→∞ ∣𝑓(𝑛)/𝑔(𝑛)∣ < ∞.

II. SYSTEM MODEL

We consider a downlink of an AF multi-user half-duplex
relay network consisting of 𝐾 user nodes (𝑈𝑘) for 𝑘 ∈
{1, . . . ,𝐾}, one source node (S), and one relay node (R).
User nodes are spatially distributed single-antenna terminals.
The source and relay are MIMO-enabled, and are equipped
with 𝑀 and 𝑁 antennas, respectively. Here, we assume that
𝑀 is significantly larger than 𝑁 . Further, 𝑀 and 𝐾 can grow
without bound. We further assume that the multi-user relay
network of interest is affected by perfectly synchronized co-
channel interfering signals from other sources belonging to
adjacent-cell wireless systems. In the first hop the relay is
aware of the channel matrix from the source to the relay,
denoted by H, and, hence, is able to schedule the transmission
of the strongest source antenna. The signal model of the first-
hop downlink channel is, hence, given by

𝑦 = w†
(
√
𝜌H(𝑖)𝑥+

√
𝜇

𝐿∑
𝑙=1

f𝑙𝑥𝑙

)
, 𝑖 = 1, . . . ,𝑀, (1)

where (𝑖) denotes that the 𝑖th column is selected out of 𝑀 in
the full propagation matrix H ∼ 𝒞𝑁𝑁×𝑀 (0𝑁×𝑀 , I𝑁 × I𝑀 )
that accounts for the independent, fast Rayleigh fading. In (1),
the variables 𝜌 and 𝜇 contains the transmit powers of the
source and interferences, respectively, and f𝑙 is the channel
vector between the relay the and the 𝑙th interferer. Again,
f𝑙 is the i.i.d. fast fading. Moreover, w† = H(𝑖)/∥H(𝑖)∥ is
the receive-MRC vector at the relay. Next, the latter employs
an amplification factor, which is designed to constrain the
instantaneous transmit power on its received signal vector. This
amplification factor can then be written as

𝐺𝑅 =

√√√⎷ 𝜆(
𝜌∣H(𝑖)∣2 + 𝜇

∑𝐿
𝑙=1 ∣w†f𝑙∣2

) , (2)

where 𝜆 is the transmission power at the relay. After amplifi-
cation at the relay, the received signal at user node (𝑈𝑘) can
be written as

𝑧𝑘 = w†
𝑘g𝑘𝐺𝑅𝑦 +

√
𝜈

𝑄𝑘∑
𝑗=1

𝑔𝑘,𝑗𝑥𝑘,𝑗 , 𝑗 = 1, . . . ,𝐾, (3)

where g𝑘 for 𝑘 ∈ {1, . . . ,𝐾} is the channel vector between
the 𝑘th user and the relay. Further, 𝑔𝑘,𝑗 is the channel coeffi-
cient between the 𝑘th user and the interference 𝑗 with transmit

In this paper, a homogeneous network in which all users are clustered
together, whereby 𝜆𝑗 = 𝜆, 𝑗 = 1 . . .𝐾 are considered. This policy guarantees
a uniform user experience and saves valuable energy at terminals.

power 𝜈. To exploit the multiuser diversity of the system, we
consider an interference-aware user scheduling algorithm in
which users are selected based on their respective SIRs, i.e.,

𝑘 = 𝑎𝑟𝑔 max
𝑗=1,...,𝐾

𝜆

𝜈

∣g𝑘∣2∑𝑄𝑘

𝑗=1 ∣𝑔𝑘,𝑗 ∣2
. (4)

Next, by substituting (1) and (2) into (3), the instantaneous
end-to-end SIR of the MIMO AF dual hop interference aware
user scheduling is given by

𝛾 =

𝑌 (𝑀)

𝜇
∑𝐿

𝑙=1 ∣w†f 𝑙∣2𝑍
(𝐾)

1 + 𝑌 (𝑀)

𝜇
∑𝐿

𝑙=1 ∣w†f 𝑙∣2 + 𝑍(𝐾)
, (5)

where 𝑌 (𝑀) = 𝜌 max
𝑖=1,...,𝑀

∣H(𝑖)∣2 and 𝑍(𝐾) =

max
𝑗=1,...,𝐾

𝜆
𝜈

∣g𝑘∣2∑𝑄𝑘
𝑗=1 ∣𝑔𝑘,𝑗 ∣2

. The average achievable ergodic

capacity of the multi-user AF MIMO relay network can be
computed as follows

𝐶 =
1

2 ln(2)

∫ ∞

0

𝑠𝑒−𝑠𝑀 (𝑐)

𝑋(𝑀)(𝑠)𝑀
(𝑐)

𝑍(𝐾)(𝑠)𝑑𝑠, (6)

where 𝑋(𝑀) = 𝑌 (𝑀)

𝜇
∑𝐿

𝑙=1 ∣w†f 𝑙∣2 . Moreover, in (6), we define the
CMGF of 𝑋 as

𝑀
(𝑐)
𝑋 (𝑠) ≜

∫ ∞

0

𝑒−𝑠𝑥𝐹 (𝑐)
𝑋 (𝑥)𝑑𝑥. (7)

Interested readers are referred to [13, Theorem 1] for the proof
of (6), omitted here for conciseness.

III. LARGE SCALE CAPACITY ANALYSIS

In this section the asymptotic ergodic capacity with massive
antenna selection and interference-aware user scheduling, i.e.,
when the numbers of antennas at the source 𝑀 and user
number 𝐾 grow large. The number of relay antennas 𝑁
is kept, however, small and finite, a consideration deemed
in line with the current wireless communication landscape,
which portray a tremendous increase in the number of wireless
terminals of various types yet only a small increase in the
number of wireless infrastructure (relay) support. Since using
(6), we first derive the asymptotic CMGFs of 𝑋(𝑀) and 𝑍(𝐾)

in closed-forms.

A. Asymptotic CMGF of 𝑋(𝑀)

Let 𝑌𝑖 = 𝜌∣H(𝑖)∣2 𝑑
= 𝜌𝜒(2𝑁) with PDF and CDF

given, respectively by, 𝑓𝑌 (𝑥) =
( 𝑥
𝜌 )

𝑁−1

𝑁 ! 𝑒−
𝑥
𝜌 and 𝐹𝑌 (𝑥) =

1 − Γ(𝑁, 𝑥𝜌 )

Γ(𝑁) . In what follows we show that the distribu-

tion of 𝑌 (𝑀) = max
𝑖=1,...,𝑀

𝑌𝑖 approaches Gumbel distribution,

exp[− exp(−𝑥−𝑏𝑀
𝜌 )], as the number of the source antennas,

𝑀 , is increased, where 𝑏𝑀 = 𝐹−1
𝑌 (1 − 1

𝑀 ). First of all we
show that

1− 𝐹𝑌 (𝑥)

𝑓𝑌 (𝑥)
=

Γ(𝑁, 𝑥𝜌 )

(𝑥𝜌 )
𝑁−1𝑒−

𝑥
𝜌

−→
𝑥→∞ 𝜌 > 0. (8)



Next to find 𝑏𝑀 , we apply the asymptotic expansion of the
incomplete Gamma function given by [15, Eq.8.257] leading
to

1− 𝐹𝑌 (𝑏𝑀 ) =
𝑏𝑀
𝜌

𝑁−1

𝑒−
𝑏𝑀
𝜌 (1 +𝑂(1/𝑏𝑀 )) =

1

𝑀

=⇒ 𝑏𝑀
𝜌

− (𝑁 − 1) ln

(
𝑏𝑀
𝜌

)
= ln(𝑀), (9)

and implying that

𝑏𝑀 = 𝜌 ln(𝑀)+𝜌(𝑁−1) ln ln(𝑀) +𝑂(ln ln ln(𝑀)). (10)

Substituting (8) and (10) verifies that

𝑑

𝑑𝑥

[
1− 𝐹𝑌 (𝑥)

𝑓𝑌 (𝑥)

]
𝑥=𝑏𝑀

= 0. (11)

Therefore, the asymptotic distribution of 𝑌 (𝑀) is Gumbel type
[18, Th. 10.5.2] with the constant 𝑏𝑀 as defined in (10).

Since the relay is subject to 𝐿 interferences assumed for
sake of tractability and conciseness to be i.i.d with mean power
𝜇, the CCDF of the first hop SIR 𝑋(𝑀) = 𝑌 (𝑀)

𝜇
∑𝐿

𝑙=1 ∣w†f 𝑙∣2 is
obtained as

𝐹
(𝑐)

𝑋(𝑀)(𝑥) =

∫ ∞

0

𝐹
(𝑐)
𝑌𝑀

(𝑥𝑦)𝑓𝜇
∑𝐿

𝑙=1 ∣w†f𝑙∣2(𝑦)𝑑𝑦, (12)

where for 𝐿 i.i.d zero mean and unit variance interferences at
the relay we have 𝑓∑𝐿

𝑙=1 ∣w†f𝑙∣2(𝑦) = 𝑦𝐿−1𝑒−𝑦

Γ(𝐿) . Accordingly,

we get the CCDF of 𝑋(𝑀) as

𝐹
(𝑐)

𝑋(𝑀)(𝑥) =
𝜇−𝐿

Γ(𝐿)

∫ ∞

0

𝑦𝐿−1𝑒−
𝑦
𝜇

(
1− 𝑒−𝑒

− 𝑦𝑥−𝑏𝑀
𝜌

)
𝑑𝑦.

(13)
By letting 𝑡 = 𝑒−

𝑦𝑥
𝜌 , we have 𝑦 = − 𝜌

𝑥 ln(𝑡). Furthermore, for

notational simplicity, we define 𝜁 = 𝑒
𝑏𝑀
𝜌 , thus (13) can be

rewritten as

𝐹
(𝑐)

𝑋(𝑀)(𝑥) =
(−1)𝐿−1

(
𝜌
𝜇𝑥

)𝐿
Γ(𝐿)

(∫ 4
𝜁

0

ln(𝑡)𝐿−1𝑡
𝜌
𝜇𝑥−1

(
1−𝑒−𝜁𝑡

)
𝑑𝑡

+

∫ 1

4
𝜁

ln(𝑡)𝐿−1𝑡
𝜌
𝜇𝑥−1𝑑𝑡

)
. (14)

Recalling (10), we can easily see that the limit of the first
term on the R.H.S. of (14) becomes vanishingly small as
lim

𝑀−→∞
4
𝜁 ≈ 4

𝑀 = 0. Furthermore, the limit of the second

term can be simplified using [15, Eq. (3.381.1)] as

𝐹
(𝑐)

𝑋(𝑀)(𝑥)
(𝑎)≃ 1−

Γ
(
𝐿,

𝛽2
𝑀

𝑥

)
Γ(𝐿)

, (15)

where 𝛽𝑀 =
√

𝑏𝑀−𝜌 ln(4)
𝜇 . In turn, a closed-form expression

of the CMGF of the fist hop SIR 𝑋(𝑀) when 𝑀 geos to
infinity follows form plugging (15) into (7) as

𝑀
(𝑐)

𝑋(𝑀)(𝑠) =

∫ ∞

0

𝑒−𝑠𝑥

⎛⎝1−
Γ
(
𝐿,

𝛽2
𝑀

𝑥

)
Γ(𝐿)

⎞⎠ 𝑑𝑥

=
1

𝑠
−2

𝐿−1∑
𝑛=0

𝛽𝑛+1
𝑀

𝑛!
𝑠

𝑛−1
2 𝐾𝑛−1

(
2𝛽𝑀

√
𝑠
)
,(16)

after using [15, Eq.(8.352.2)] and [15, Eq.(3.471.9)].

B. Asymptotic CMGF of 𝑍(𝐾)

Here we present of the asymptotic distribution of the maxi-

mum of 𝐾 i.i.d SIRs denoted by 𝑍(𝐾) = 𝜆
𝜈 max
𝑗=1,...,𝐾

∣h𝑅
𝑗 ∣2∑𝑄

𝑙=1 ∣𝑢𝑙∣2 .

Before embarking on the proof, it is worth examining the SIRs

𝑍𝑗 =
∣h𝑅

𝑗 ∣2∑𝑄
𝑙=1 ∣𝑢𝑙∣2 . We have 𝑍𝑗

𝑑
= 𝜒(2𝑁)

𝜒(2𝑄) , 𝑗 = 1 . . . ,𝐾 who are

𝐾 i.i.d random variables with CDF

𝐹𝑍(𝑥) =
𝑥𝑁 2F1 (𝑁 +𝑄,𝑁, 1 +𝑁,−𝑥)

𝑁𝐵(𝑁,𝑄)
, (17)

implying that 𝐹𝑍(𝐾)(𝑥) = [𝐹𝑍(
𝜈
𝜆𝑥)]

𝐾 . First, we show that

lim
𝑥→∞

1− 𝐹𝑍(𝑥)

1− 𝐹𝑍(𝑡𝑥)
= lim

𝑥→∞
𝑡−𝑁 (1 + 𝑡𝑥)𝑁+𝑄

(1 + 𝑥)𝑁+𝑄
(18)

= 𝑡𝑄, (19)

where to get from (18) to (19) we use the Hospital rule
after substituting the hypergeometric function by its equivalent
2F1(𝑎, 𝑏; 𝑏 + 1; 𝑧) = 𝑏𝑧−𝑏𝐵𝑧(𝑏, 1 − 𝑎) where 𝐵𝑧(𝑐, 𝑑) is the
Beta function [15, Eq.(8.380.1)]. This implies that the limit
distribution of 𝑍(𝐾) lies in the domain of maximal attraction
of Fréchet distribution [18, Theroem 10.5.2], i.e.

[𝐹𝑍(𝑎𝐾𝑥)]
𝐾

= 𝑒−𝑥
−𝑄

, 𝑥 ≥ 0, (20)

where 𝑎𝐾 is a normalizing parameter defined such that
𝐹𝑍(𝑎𝐾) = 1 − 1

𝐾 . In order to find 𝑎𝐾 while keeping the
analytical complexity tractable, we concentrate the following
analysis on cases (𝑖) 𝑄 = 1, ∀ 𝑁 , and (𝑖𝑖) 𝑁 = 1, ∀ 𝑄.
The arbitrary 𝑁,𝑄 case can be handled using bounding
techniques but thwarting the paper goal of exact capacity
analysis. In case (𝑖), by exploiting the 2F1 reduction formulas
2F1(𝑏, 𝑎; 𝑎; 𝑧) = (1− 𝑧)−𝑏, we show that 𝑎𝐾 satisfies

𝑎𝐾 ≈
𝐾→∞

𝑁𝐾. (21)

In case (𝑖𝑖), we have 𝑁 = 1 thereby enabling the simplification
of 𝐹𝑍(𝑥) relying on the fact that 2F1(1, 𝑏; 2; 𝑧) =

(1−𝑧)−𝑏−1
(𝑏−1)𝑧 .

The parameter 𝑎𝑘 is therefore obtained as follows

𝑎𝐾 ≈
𝐾→∞

𝐾1/𝑄 − 1. (22)

Substituting 𝑎𝐾 into (20), we obtain

𝐹𝑍(𝐾)(𝑥) =

⎧⎨⎩
𝑒−

𝑁𝐾𝜆
𝜈𝑥 , 𝑄 = 1, ∀ 𝑁

𝑒
−
(
(𝐾1/𝑄−1)𝜆

𝜈𝑥

)𝑄

, 𝑁 = 1, ∀ 𝑄

(23)

As for the CMGF of 𝑍𝐾 , replacing (23) into (7) and
performing some algebraic manipulations, we get

𝑀
(𝑐)

𝑍(𝐾)(𝑠)
(𝑎)≈

⎧⎨⎩
1
𝑠

(
1− 𝑒−

𝑁𝐾𝜆
4𝜇 𝑠

)
, 𝑄 = 1, ∀ 𝑁

1
𝑠

⎛⎝1− 𝑒
−𝜆

𝜇

(
𝐾

1
𝑄 −1

4
1
𝑄

)
𝑠

⎞⎠ , 𝑁 = 1, ∀ 𝑄
(24)

where (𝑎) follows from the fact that 1− 𝑒−𝑥 ≈
𝑥≥4

1.

we assume that all users have the same statistical behavior with equal inter-
ference number 𝑄𝑗 = 𝑄, 𝑗 = 1 . . .𝐾 and similar interference distribution.



C. Ergodic Capacity

In this subsection, the asymptotic ergodic capacity expres-
sion is derived in closed-form.

Theorem 1: The asymptotic capacity of the MU-MIMO
relay network under two hop AF relaying and interference-
aware user scheduling is given by

𝐶 =
1

2 ln(2)

(
ln (𝛼𝐾)− 𝑒

𝛽2
𝑀

𝛼𝐾 Γ

(
0,

𝛽2
𝑀

𝛼𝐾

)
− 𝑒𝛽

2
𝑀Ei

(−𝛽2
𝑀

)
−

𝐿−1∑
𝑛=1

𝛽𝑛𝑀
𝑛

⎛⎝𝑒 𝛽2
𝑀
2 𝑊−𝑛

2 ,
𝑛−1
2

(
𝛽2
𝑀

)− 𝑒
𝛽2
𝑀

2𝛼𝐾

𝛼
𝑛/2
𝐾

W− n
2 ,

n−1
2

(
𝛽2
𝑀

𝛼𝐾

)⎞⎠), (25)

where 𝛽𝑀 =
√

𝑏𝑀−𝜌 ln(4)
𝜇 and 𝛼𝐾 = 1 + �̂�𝐾𝜆

𝜈 . with

�̂�𝐾 =

⎧⎨⎩
𝑁𝐾
4 , 𝑄 = 1, ∀ 𝑁

𝐾
1
𝑄 −1

4
1
𝑄

, 𝑁 = 1, ∀ 𝑄
(26)

Proof: Plugging (16) and (24) into (6) yields

𝐶 =
1

2 ln(2)

(∫ ∞

0

𝑒−𝑠

𝑠

(
1− 𝑒−

�̂�𝐾𝜆

𝜇 𝑠
)
𝑑𝑠

−2𝛽𝑀Φ0

(
�̂�𝐾𝜆

𝜈
, 𝛽𝑀

)
−2

𝐿−1∑
𝑛=1

𝛽𝑛+1
𝑀

𝑛!
Φ𝑛

(
�̂�𝐾𝜆

𝜈
, 𝛽𝑀

))
,(27)

whereby

Φ𝑛(𝑎, 𝑏) =
𝑛≥0

∫ ∞

0

𝑒−𝑠𝑠
𝑛−1
2

(
1− 𝑒−𝑎𝑠

)
𝐾𝑛−1

(
2𝑏
√
𝑠
)
𝑑𝑠. (28)

A closed-form expression for Φ0 is obtained, after several
manipulations, as

Φ0(𝑎, 𝑏) =
1

2𝑏

(
𝑒

𝑏2

1+𝑎Γ

(
0,

𝑏2

1 + 𝑎

)
+𝑒𝑏

2

Ei

(−𝑏2)) . (29)

Furthermore, applying [15, Eq.6.643], a closed-from expres-
sion for Φ𝑛𝑛≥1

is obtained as

Φ𝑛𝑛≥1
(𝑎, 𝑏) =

Γ(𝑛)

2𝑏

(
𝑒

𝑏2

2 𝑊−𝑛
2 ,

𝑛−1
2

(
𝑏2
)−

𝑒
𝑏2

2(1+𝑎)

(1 + 𝑎)𝑛/2
𝑊−𝑛

2 ,
𝑛−1
2

(
𝑏2

1 + 𝑎

))
. (30)

Finally, substituting (29) and (30) into (27) and resorting to
[15, Eq. 3.421.5] completes the proof.

IV. SCALING LAWS

In an effort to understand the impact of key parameters on
the system capacity and gain more physical insights, in this
section, we look into the scaling laws to extract two impor-
tant design parameters: 1) multiuser gain due to interference
awareness, and capacity losses due to increased dimensionality
of interference.

Corollary 1 ( Case (𝑖), 𝑀 and 𝐾 → ∞): If 𝐾 grows faster
than ln(𝑀) (i.e., lim

𝑀,𝐾−→∞
𝐾/ ln(𝑀) = ∞, which include the

case 𝐾=𝑀 ), it holds that

𝐶 ≈ 1

2 ln(2)

(
ln

(
𝜌

𝜇
(ln(𝑀)+(𝑁−1) ln ln(𝑀))

)
+𝛾 −𝐻𝐿−1

)
,

(31)
where 𝛾 is the Euler-Mascheroni constant [15, Eq.(8.367.1)]
and 𝐻𝑛 is the harmonic number of order 𝑛.

Proof: As 𝐾
ln(𝑀) −→ ∞, we have 𝛽𝑀 −→

𝑀−→∞
∞

and 𝛽𝑀

𝛼𝐾
−→

𝑀,𝐾−→∞
0, then the following approxima-

tions hold: Γ(0, 𝑧) =
𝑧−→0

− ln(𝑧) − 𝛾 , 𝑒𝑧 =
𝑧−→0

1 +

𝑜(𝑧), and 𝑒𝑧𝐸𝑖(−𝑧) =
𝑧−→∞ 0, 𝑒𝑧/2𝑊𝑎,𝑏(𝑧) ≈

𝑧−→∞ 𝑧𝑎,

𝑧𝑛/2𝑒𝑧/2𝑊−𝑛/2,𝑏(𝑧) =
𝑧−→0

0. Considering all these facts, 𝐶

reduces after several manipulations to

𝐶 ≈ 1

2 ln(2)

(
ln
(
𝛽2
𝑀

)
+ 𝛾 −

𝐿−1∑
𝑛=1

1

𝑛

)
, (32)

proving thereby (31). The capacity then becomes independent
of the relay-to-destination channel parameters. Besides, by
using massive MIMO-enabled source and relay, the received
power of each user node can be scaled down inversely propor-
tional to the number of antennas at the relay without incurring
any performance penalty.

Remark 1 (Increased Dimensionality of Interference):
The capacity of large-scale MU-MIMO (with 𝐾 ≫ ln(𝑀))

in the presence of a large number of interferers 𝐿 behaves as

22𝐶 ≈ 𝜌

𝜇

ln(𝑀) + (𝑁 − 1) ln ln(𝑀)

𝐿
. (33)

Proof: Resorting to the approximation of the Harmonic
number as 𝐿 goes large given by

𝐻𝐿−1 = 𝛾 + ln(𝐿− 1) +𝑂(𝐿−2), (34)

it follows from (31) that

𝐶 ≈ 1

2 ln(2)
(ln (𝜌 (ln(𝑀)+(𝑁−1) ln ln(𝑀)))− ln(𝜇𝐿)) ,

(35)
yielding (33) after using some logarithmic identities. It can
be inferred from Remark 1 that the capacity loss due to an
increased dimensionality of spatial interference is much more
pronounced than any improvement resulting form adding more
active transmit antennas at the source. This is due to the fact
that 𝐶 decreases with ln(𝐿) while it increases with ln ln(𝑀),
respectively. In view of this it is not surprising that recent re-
search on spatial multiplexing in cellular systems has reached
the common conclusion that adding more transmit antennas
or data streams at each base station can actually decrease the
capacity at low SIR due to the increased dimensionality of
spatial interference [4], [16].

Corollary 2 ( Case (𝑖𝑖) and ln(𝑀1/𝐿) ≫ 𝐾1/𝑄 − 1):



If 𝑄 ≫
⌊

ln(𝐾)
ln ln(𝑀)

⌋
, where ⌊𝑥⌋ denotes the integer part of

𝑥, then it holds that

𝐶 ≈ 1

2 ln(2)

⎛⎝ln

(
1 +

𝜆

𝜈

(
𝐾

1
𝑄 − 1

))
− 𝐿

𝜆
𝜈

(
𝐾

1
𝑄 − 1

)
𝜌
𝜇 ln(𝑀)

⎞⎠ .

(36)
Proof: According to (25), the growth of 𝐾1/𝑄 − 1 with

respect to ln(𝑀) is crucial for the capacity scaling law. In

fact it is easy to show that, for
⌊

ln(𝐾)
ln ln(𝑀)

⌋
≪ 𝑄, we have

𝛽2
𝑀

𝛼𝐾
≈

𝑀,𝐾−→∞
ln(𝑀)

𝐾1/𝑄 − 1
−→ ∞. (37)

Then it follows immediately that all the terms but the first
in the first term on the R.H.S of (25) become vanishingly
small as 𝑀 and 𝐾 grow large with ln(𝑀)

𝐾1/𝑄−1
−→ ∞. In fact,

considering that 𝑒𝑧Γ(0, 𝑧) =
𝑧−→∞

1
𝑧 , 𝑒𝑧𝐸𝑖(−𝑧) =

𝑧−→∞ − 1
𝑧 , and

𝑧𝑛/2𝑒𝑧/2𝑊−𝑛/2,𝑛−1
2

(𝑧) =
𝑧−→∞ 1 − 𝑛

𝑧 , it follows after some
manipulations that

𝐶 ≈ 1

2 ln(2)

(
ln

(
1 +

𝜆

𝜈

(
𝐾

1
𝑄 − 1

))
−

𝐿

(
1 + 𝜆

𝜈 (𝐾
1
𝑄 − 1)

𝜌
𝜇 ln(𝑀)

− 1
𝜌
𝜇 ln(𝑀)

))
, (38)

thereby concluding the proof. More importantly, despite im-
posing (37), the latter appears to be insufficient to ensure the
multiuser diversity gain in (36). In fact, 𝐶 is a monotonically
increasing function of 𝐾 if and only if the following condition
holds

ln(𝑀1/𝐿) ≫ 𝐾1/𝑄 − 1, (39)

where (39) verifies 𝑑𝐶
𝑑𝐾 > 0.

Corollary 3 (Case (𝑖𝑖) and ln(𝑀1/𝐿) ≪ 𝐾1/𝑄 − 1):
When ln(𝑀)

𝐾1/𝑄−1
−→ 0, valid for small to moderate values of

𝑄, the scaling law for arbitrary 𝐿 is given by

𝐶 ≈ 1

2 ln(2)

(
ln

(
𝜌

𝜇
ln(𝑀)

)
+𝛾 −𝐻𝐿−1 − 1

𝐿

𝜌
𝜇 ln(𝑀)

𝜆
𝜈 (𝐾

1/𝑄 − 1)

)
,

(40)
Proof: : (40) is obtained in the same line of (31). The

forth term in the R.H.S of (40) follows form resorting to the
series expansion of the Whittaker function near zero. It is easy
to prove that (40) is an increasing function of 𝑀 only if

ln(𝑀1/𝐿) ≪ 𝐾1/𝑄 − 1, (41)

thereby avoiding impeding the diversity gain.
Remark 2 (Interference Oblivious vs Interference Aware

Multiuser Scheduling):
Neglecting the second term on the R.H.S of (36) yields⎧⎨⎩ 22𝐶

(𝑎)≈ 𝜆
𝜈𝐾

1/𝑄, for small 𝑄

22𝐶 − 1
(𝑏)≈ 𝜆

𝜈
ln(𝐾)
𝑄 , for large 𝑄.

(42)

where (𝑎) follows form the fact that ln(1 + 𝑥) ≈ ln(𝑥) when
𝑥 is large enough (valid for small 𝑄). Nevertheless, when 𝑄

is large, ln(1 + 𝑥) ≈ ln(𝑥) does not hold true. Instead, we
have

𝐾1/𝑄 − 1 ≈
𝑄≫1

ln(𝐾)

𝑄
, (43)

thereby yielding (𝑏).
From (31) and (36), if the CSI is estimated in the second

hop instead of SIR, the capacity will scale as ln ln (𝐾)−𝐻𝑄−1

when 𝑄 is small. The SIR-based scheduling outperforms
then its CSI-based (interference oblivious) counterpart, since
ln
(
𝐾1/𝑄

)
> ln ln(𝐾) − 𝐻𝑄−1 always holds when 𝐾 ≫ 1.

This proves the advantage of having global network CSI
knowledge, namely through cooperation where the CSI is
shared between the transmitting nodes so that the interference
generated in other cells is taken into consideration. When 𝑄
is large, interference-aware user scheduling still outperforms
its interference-oblivious counterpart especially at low SIR.
However, it exhibits the loglog behavior of the CSI-based
scheme leading to slow increase of 𝐶 as 𝐾 goes to infinity.
Obviously, when this slight gain is hindered by the overhead
cost due to large 𝑄, CSI-based scheduling proves to be a more
attractive alternative.

Remark 3 (Capacity Losses Due to Interference):
Consider a two-hop AF relaying with interference-aware

scheduling subject to 𝐿1, 𝑄1 and 𝐿2, 𝑄2 interferences at the
relay and each destination, respectively. For tractability and
without loss of generality, we assume that 𝑀 = 𝐾 and
𝜌
𝜇 = 𝜆

𝜈 . Then the capacity losses due to increased interference
dimensionality can be computed as⎧⎨⎩ 𝛿𝐶 =

ln
(

𝑄1
𝑄2

)
− 𝐿1

𝑄1
+

𝐿2
𝑄2

2 ln(2) , ln(𝑀1/𝐿𝑖) ≪ 𝐾1/𝑄𝑖−1

𝛿𝐶 =
𝐻𝐿1−1−𝐻𝐿2−1−𝑄1

𝐿1
+

𝑄2
𝐿2

2 ln(2) , ln(𝑀1/𝐿𝑖) ≫ 𝐾1/𝑄𝑖−1

(44)
where 𝑖 ∈ {1, 2}.

Proof: : (44) is obtained by resorting to (36) and (40)
after invoking (43) along with some manipulations.

Equations (36) and (40) analytically unarguably confirm the
common intuitive observation that AF relaying performance is
ultimately the performance of one of its hops. This dominance
is usually the output of the system’s parametric objective
function that quantifies the link strength. So far, in the lit-
erature, several functions defining the link’s strength were
proposed, namely, the antenna number, the fading shape, or the
product of both. Oblivious to the interference number, these
rules turn out to be totally inaccurate in interference-limited
environments. This work remedies, for the first time this
shortcoming. Indeed, the obtained results not only exemplify
the interference nature of the considered system, but also
analytically quantify through, simple formulas, the capacity
loss due to interference.

V. NUMERICAL AND SIMULATION RESULTS

Here, we provide some numerical examples to illustrate: 1)
the tightness of the proposed approximations for large scale

These rules are usually obtained via a diversity order analysis by assuming
equal per-hop ASIRs (cf. [13] and references therein).
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Fig. 1. The exact and asymptotic distribution of 𝐹𝑍(𝐾) for different values
of 𝑁 :(a) and 𝑄 :(b).

MU-MIMO relay networks; and 2) the impact of interference
on spatial and multiuser diversity. The simulations set-up
consists of an (𝑀 -𝑁 -𝐾) MU-MIMO AF relaying system
where the relay and each destination is subject to 𝐿 and 𝑄
i.i.d. interferers, respectively. We also assume, without loss of
generality, equal per-hop average SIRs 𝜌

𝜇 = 𝜆
𝜈 shorthanded in

the plots as SIR.
Fig. 1 shows the exact and asymptotic CDFs of 𝑍(𝐾) for

different values of 𝑁 and 𝑄. We observe that the asymptotic
distribution in (23) is a good approximation even for small
values of 𝑁 and 𝑄 and the approximation becomes more
accurate by increasing the value of 𝐾.

In Figs. 2 and 3, we illustrate the capacity for large 𝑀 and
𝐾 but finite and small relay antenna number 𝑁 . The ”approxi-
mation” curves refer to the average capacity using (25). These
curves are in very good match with their stimulated counter-
parts, showing the accuracy and effectiveness of the proposed
new approximations. We observe form Fig. 4 that the capacity
exhibits the trend, ln(ln(𝑀)+(𝑁−1) ln ln(𝑀))+𝛾+𝐻𝐿−1,
as predicted by Corollary 1. More importantly, the capacity
loss due the increase of the number 𝐿 of i.i.d interferences

at the relay is consistent with the analysis. However, as the
number of interference 𝐿 exceeds a threshold, the capacity
exhibits the trend in lemma 3.

In Figs, 4 and 5, the capacity of the two-hop opportunistic
relaying scheme is shown as a function of increasing antenna
number 𝑀 and user number 𝐾 for several numbers of inter-
ferences at the relay 𝐿 and the users 𝑄. The ”approximation”
curve refers to the average capacity using (25). These curves
are in very good agreement with their stimulated counterparts.
In Fig. 4 we observe that the capacity exhibits the trend
predicted by Corollary 2 as long as ln(𝑀1/𝐿) ≫ 𝐾1/𝑄 − 1.
The latter condition is, however, not satisfied for 𝐿 = 3, 𝑄 = 4

and 𝐿 = 4, 𝑄 = 5 even though 𝑄 >
⌊

ln(𝐾)
ln ln(𝑀)

⌋
is always

verified, impeding the inaccuracy of the scaling law in these
cases. In Fig. 5 we observe that the capacity exhibits the
trend predicted by (36) while we have neglected the second

term of the R.H.S of (36) since 𝐿(𝐾
1
𝑄 −1)

ln(𝑀) −→ 0 when
𝐿 = 1. Moreover, the capacity loss due to the increase of
𝑄 corroborates the analytical loss obtained using (44). Notice
that, the tightness of the scaling law is poor when 𝑄 is near
ln(𝐾)

ln ln(𝑀) which is equal to 4 when 𝐾 = 𝑀 = 700. In fact,

when 𝑄 is at the vicinity of ln(𝐾)
ln ln(𝑀1/𝐿)

, the capacity scaling
law is more accurately predicted using (25).
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Fig. 2. System average capacity as a function of 𝑀 = 𝐾 increasing when
𝑄 = 1 and 𝑁 = 2 for different vales of 𝐿 and 𝑆𝐼𝑅𝑠.

VI. CONCLUSION

In this work, we have considered opportunistic scheduling
design and analysis for two-hop MIMO AF relay networks
in interference-limited environments. The scheme entails a
two-hop communication protocol, in which an 𝑀 -antenna
source can communicate with 𝐾 destinations only through
a half-duplex multi-antenna relay. Through the asymptotic
analysis for large 𝑀,𝐾 and simulations, it has been shown
that interference-aware scheduling achieves an expanded mul-
tiuser diversity gain, however being conditioned. This analysis
found that the multiuser diversity gain when ln(𝑀1/𝐿) grows
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Fig. 3. System average capacity versus the relay antenna number 𝑁 .
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Fig. 4. System average capacity as a function of 𝐾 increasing versus 𝐿,𝑄
for 𝑀 = 1000.

faster than 𝐾1/𝑄 is ln(𝐾1/𝑄) whereas previous results have
concluded that the maximum gain scales like ln ln(𝐾) when
only an idealistic Rayleigh fading is considered. In this paper,
the capacity losses due the increase of interferences numbers
𝐿 and 𝑄 have been analytically quantified and verified via
simulations.
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