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Abstract—As the nodes in wireless sensor networks (WSNs) are
independent units, an intensive communication among them is re-
quired to generate a common signal and synchronize before en-
tering a distributed beamforming (DBF) phase. Therefore, it is cru-
cial to select the participating nodes in DBF such that not only
the resulting beampattern meets the beamforming design require-
ments but also the internode connectivity is retained.

We consider a DBF technique for WSNs with uniformly dis-
tributed nodes and derive an average beampattern expression for
a general scenario wherein the participating nodes in DBF are lo-
cated on a ring with arbitrary inner and outer radii. It is proved
that increasing the ring inner radius from zero to a value close
to the ring outer radius, the width of the average beampattern
mainlobe continuously decreases. Further, it is shown that selecting
the nodes from a neighborhood close to a disc perimeter, that is,
choosing the nodes from the narrow ring adjacent to the inner side
of the disc boundary, facilitates a substantial decrease in the net-
work energy waste and the node isolation probability compared
to the case that the nodes are randomly selected from the whole
disc. A simple approximate expression for the average beampat-
tern is obtained in the case where the nodes are selected from a
narrow ring and is used to derive the sidelobes’ null and peak po-
sitions as well as a tight lower bound on the average beampattern
directivity. The proposed technique is then extended to the case
where the nodes are located on multiple concentric rings and the
set of rings’ radii are derived that guarantee an average beampat-
tern null at a required position while substantially decreasing the
sidelobe peak levels compared to the single-ring case. Finally, an
average beampattern expression is obtained in the case that the
nodes’ signals are contaminated by noise to show that most prop-
erties of the average beampattern in the noise-free signal case carry
over to the noisy signal scenario.

Index Terms—Beampattern, distributed beamforming, energy
efficiency, network connectivity, wireless sensor network.

I. INTRODUCTION

NE of the major problems in wireless sensor networks
(WSNs) is to establish a reliable communication link be-
tween small battery-powered sensor nodes and an access point
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(AP) that may be located far beyond the nodes’ limited trans-
mission range. Adopting the transmit beamforming approach
from the centralized array processing literature, distributed
beamforming (DBF) for WSNs has recently been proposed to
tackle the above problem. In DBF, each node among a set of
selected nodes transmits a properly weighted version of (an
estimate of) a common signal such that all transmitted signals
are coherently combined in the direction of the intended AP.
As a result, the nodes aggregate transmission range is substan-
tially increased without requiring to amplify their transmission
power. As an effective solution to the problem of long distance
communication in WSNs, the DBF approach has received a
growing attention [1]-[9].

Assuming that the DBF nodes (the nodes that participate in
DBF) are uniformly distributed on a disc, DBF beampattern
properties are analyzed in [1] where it is shown that a narrow
average beampattern mainlobe entails selecting the DBF nodes
from a large cluster in the network. The results of [1] are then ex-
tended to two-dimensional Gaussian distributed nodes in [2] and
to ad-hoc networks with multiple simultaneous source-destina-
tion pairs in [3]. The feasibility of DBF in presence of synchro-
nization errors is investigated and a distributed synchroniza-
tion technique is proposed in [4]. Assuming a finite-rate feed-
back on the channel state information from the AP, a DBF tech-
nique is proposed in [5] that minimizes the total average transmit
power subject to average rate and bit-error rate (BER) require-
ments. Considering a two-step amplify-and-forward protocol,
[6] and [7] propose several DBF techniques subject to total
and per-node power constraints as well as signal-to-noise ratio
(SNR) requirements. A robust DBF technique against channel
estimation errors is introduced in [8] and an overview on current
challenges and progresses of the DBF approach is presented in
[9].

A common denominator in most DBF approaches including
[1]-[9] is the implicit assumption that the DBF network is in-
terconnected, for otherwise, implementing a DBF technique is
practically impossible in most cases. Note that when imple-
menting a DBF technique in a real world scenario, one typi-
cally has to deal with two main challenges: First, as the nodes
in WSNs are independent sensing units, their common signal
may need to be generated through a rumor spreading or a con-
sensus process [10]-[12] among the nodes. Second, as the nodes
do not have a common time reference, they should synchronize
with one another [1], [4], [13] to be able to coordinate the trans-
mission of their common signal. These prerequisite steps ne-
cessitate intensive internode communications prior to the actual
DBF procedure. Therefore, it is crucial that the DBF nodes form
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a connected network such that a signal originating from any of
them can eventually reach all others.!

When the DBF nodes cluster has a fixed topology, it may be
reasonable to assume that the DBF nodes form a connected net-
work. However, it is not always a well-justified assumption as
optimizing the DBF performance frequently entails changing
the topology of the DBF nodes cluster. For instance, as dis-
cussed above, it has been shown in [1]-[3] that the far-field
beampattern heavily depends on the relative locations of the
DBF nodes. In particular, when a WSN is comprised of uni-
formly distributed nodes on a large plane, the width of the av-
erage beampattern mainlobe is almost inversely proportional to
the radius of the disc that includes the DBF nodes [1]. There-
fore, as a principal aim in many beamforming applications is
to generate a narrow mainlobe and a high beampattern direc-
tivity, the DBF nodes may have to be selected from an exces-
sively large disc in the network. This, in turn, results in in-
creasing the distances among the DBF nodes, and, consequently,
increasing the probability that some of these nodes get discon-
nected from others. As a remedy, one may use the common
approach of reestablishing the DBF nodes interconnections by
means of using some idle nodes as relays. However, this can
cause a substantial increase in the network energy consump-
tion and the earlier depletion of the nodes’ valuable energy re-
sources.

A main contribution of this work is to show how nodes can be
properly selected and used in DBF to simultaneously address the
conflicting requirements of a high beampattern directivity and a
strong network connectivity/high energy efficiency. Assuming
that the WSN nodes are uniformly distributed on a large plane
[11, [3], [14]-[17], we study the DBF technique in a general case
where the DBF nodes are located on a ring of arbitrary inner and
outer radii. While setting the ring inner radius to zero reduces
our node selection region to the case considered in [1]-[3], we
show how the ring inner and outer radii may be chosen differ-
ently than those in [1]-[3], not only to achieve the target average
beampattern properties, but also to reduce the network energy
waste and the DBF nodes disconnectivity probability. To this
end, an average beampattern expression is derived for the case
when the DBF nodes belong to an arbitrary ring. Then, given
the ring outer radius, it is shown that the first null of the average
beampattern is a decreasing function of the ring inner radius.
This result is of particular practical importance as it shows that
when the nodes are randomly located on a disc, the mainlobe of
the average beampattern can be considerably shrunk just by let-
ting the nodes in the inner parts of the disc remain in the sleeping
mode to preserve energy while selecting the DBF nodes from
a close vicinity of the disc perimeter. Similarly, given a target
position of the first null of the average beampattern, it is also
shown that the disc radius can be considerably reduced if the
DBF nodes are selected from a narrow neighborhood close to
the disc boundary.

The probability of having no isolated node is also obtained
for two essential cases, namely, when the active nodes are se-
lected from a large disc and when they are selected from a large
narrow ring. Considering a large narrow ring and a disc with

ITn some cases, the nodes common signal may also be obtained by decoding
the source transmitted signal. In such scenarios, the nodes connectivity should
still be maintained for synchronization purposes.
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the same radius as the outer radius of the ring and assuming
that both areas include the same number of active nodes, it is
proved that the isolation probability of a node on the disc is
much higher. It is further shown that when the nodes are se-
lected from a disc, there are two approaches to reduce the node
isolation probability: 1) Increasing the number of active nodes
on the disc at the cost of a substantial increase in the network
power consumption; and 2) reducing the disc radius at the ex-
pense of a considerable increase in the mainlobe width of the
average beampattern.

Assuming that the DBF nodes are located on a large narrow
ring, a simple approximate expression for the average beampat-
tern is derived and then used to determine the null and the peak
positions of the average beampattern as well as the peak values
of its sidelobes. A tight lower bound on the average directivity of
the beampattern is also derived. A simplified expression for this
lower bound is offered and it is shown that the minimum rate at
which the normalized directivity converges to unity is the same
in both cases when the nodes are selected from a disc or from a
narrow ring. However, when the nodes are selected from a disc,
a large normalized directivity is associated with a substantial in-
crease in the probability that the nodes lose interconnection.

When the number of DBF nodes is not large enough, the ran-
domness of the nodes locations may cause a noticeable dis-
crepancy between the average and a particular realization of
the beampattern. For such scenarios, we derive an approximate
complementary cumulative distribution function (CCDF) of the
beampattern. Using the so-obtained CCDF, the probability that
the beamformers’ gain exceeds a given threshold can be evalu-
ated at any arbitrary direction.

The proposed DBF technique is then extended to the case that
the nodes are selected from multiple concentric rings. The av-
erage beampattern expression is derived for such a case and it
is shown that if the rings radii are properly selected, the side-
lobe peak levels can be substantially reduced. Finally, the case
that the nodes’ signals are contaminated by noise is studied.
Considering an arbitrary noise correlation matrix, a SNR-op-
timal beamforming vector is derived and the associated average
beampattern is obtained. It is shown that most properties of the
average beampattern in the noise-free signal case carry over or
can be directly extended to the noisy signal scenario.

The rest of the paper is organized as follows. Section II repre-
sents the proposed DBF technique and Section III analyzes the
effects of the node selection region on the DBF performance.
Section IV extends the proposed DBF technique to the mul-
tiple-ring scenario and Section V studies the noise-contami-
nated signal case. Simulation results are presented in Section VI
and concluding remarks are given in Section VII.

II. PROBLEM FORMULATION

A. Background

Consider a large WSN cluster whose nodes are uniformly
distributed on D(O, Rax), the disc centered at O with radius
Rpax [11, [14]-[17]. Let S(O, R; s, R, 5) denote the ring cen-
tered at O with the inner radius R; ; > 0 and the outer radius
R, s < Rmax. It is assumed that R; s and R, , are selected
such that S(O, R; ., R, ) has an area As = n(R? , — R? )
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large enough to include at least N nodes with a high prob-
ability. Note that as the nodes are uniformly distributed on a
large plane, they are points of a homogenous two-dimensional
Poisson process [14], [16]. Therefore, having at least N nodes
on S(O, R; s, R, s) with a probability not less than ¢ requires
that

N-1
A I'(N, pAs)
—pA (pAs) _ » PAS _
Ze s =N <1l-. (1)
where I'(+,-) is the incomplete Gamma function and p is the

node density. Given ¢, N, and p, the minimum feasible Ag
can be obtained from (1). Selecting a + close to one ensures
the presence of at least N nodes on S(O,R; s, R, s) with a
high probability. After N nodes are randomly selected from
S(0, R; s, R, 5), they share a common signal by means of, for
instance, intercommunicating their sensed signals to distribu-
tively reach a consensus [10]-[12].2 Then, K < N members of
the set participate in a DBF [1], [2] and collaboratively transmit
their common signal aiming primarily to maximize the received
power at the direction of AP located in the far-field of the plane
containing D(O, R,,.x). Optimal values of N and K depend
on the application and all of our results hold for arbitrary N and
K < N. However, it is instructive to overview the following
guidelines on sensible choices of NV and K.

* When the nodes “generate” their common signal by
reaching a consensus, /N should be large enough such
that the reached consensus is a good approximation of
the one that would be achieved if all cluster nodes joined
in the consensus process. On the other hand, the number
of internode transmissions required for nodes to reach a
consensus typically shows a quadratic growth with respect
to the number of nodes [10], [12]. Therefore, N should
be selected as small as possible to avoid unnecessary
internode transmissions. Note that the power consump-
tion of a typical transceiver in the transmission/listening
mode is three order of magnitude higher than its power
consumption in the sleeping mode [18]. Therefore, when
the IV nodes are selected, all other nodes may be left in
the sleeping mode to preserve energy.

* As the transmission range of a single node is typically far
less than its distance to the AP, K should be large enough
to substantially increase the nodes composite transmission
range and keep the SNR at the AP above the required
threshold. However, as nodes have independent clocks and
do not share a common time reference, they should be
synchronized prior to DBF [1], [4]. State of the art dis-
tributed synchronization algorithms require 2(K — 1) se-
rial internode transmissions to synchronize K nodes [13].
Therefore, an excessively large K not only results in an
unnecessary network power depletion, but also may intro-
duce an unacceptable delay in the communication process.
Note that, one may alternatively use K = N to avoid
any possible system overhead that may be associated with
the procedure of selecting K DBF nodes out of the N
available nodes. However, this causes N — K unnecessary
nodes to participate in DBF instead of switching back to
the sleeping mode and save energy. As discussed above,

2The case that the sensor nodes only have access to noisy versions of the
common signal is studied in details in Section V.
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such a policy also increases the number of internode trans-
missions and the time required for synchronizing the DBF
nodes.

The above discussion underlines the fact that one should re-
frain from choosing unnecessarily large N and K. Another im-
portant fact that follows from the above argument and will be
further discussed in Section III-C is that the selected nodes have
to extensively communicate with one another to gain access to
a shared signal and synchronize prior to DBF. Therefore, these
nodes should form a connected graph, and, in particular, none
of them may be isolated: If the nodes transmission range is Iy,
any selected node should have at least one other selected node
in its R s-neighborhood.

B. DBF Beampattern

The WSN cluster in a polar coordinate system is depicted in
Fig. 1. Without loss of generality, we consider O as the pole
and the line connecting O to the AP as the z-axis of the co-
ordinate system. Let (7, ) and Bo(Q, ¢o = 0) denote, re-
spectively, the polar coordinates of the node & and the AP. We
consider the case that the AP is in the far-field and, therefore,
Q) > 7}, and assume that the channels from all nodes to the AP
are coherent [1]—[3], [9]. Let /N nodes with random positions on
S(O, R; s, R, ) share a zero-mean unit-variance signal u(n)
where 7 is the transmission slot index. Among them, K < N
nodes with the location vectors r = [ry,r9,...,7k]| and ¥ =
[1,%a,...,1K] synchronize and form a virtual antenna array
to transmit u(n) to the AP. It is noteworthy that as the channels
from nodes to the AP are coherent, the signals received from all
nodes at the AP have a similar quality. Therefore, the node se-
lection procedure is substantially simplified as K nodes out of
the NV available nodes can be randomly selected to participate in
DBF without causing any detrimental effect on the SNR at the
AP. The base-band representation of the transmitted signal from
the kth node in the nth transmission slot is si(n) = wju(n)
where wyj, is the kth node beamforming weight. As the channels
from all nodes to the AP are coherent, the base-band equivalent
of the received signal from the kth node at an arbitrary point

By(Q, ¢) is [3]

Y, (n) = Gdg ) Fwiu(n)e T/ N ®)

where G is a constant that does not depend on the node index,
dB,,k is the Buclidian distance between the kth node and By,
while A and ~y are the carrier wavelength and the path loss ex-
ponent, respectively. Note that

dp, = (Q® + i — 2Qry cos(¢ — 1/%))1/2
= ((@ = ru-cos(p = ) + (1 = cos’($ = )
~Q — ricos(p — ) (3)

where the approximation is due to the fact that Q > . Using
(3) in (2), we have

yB, ()~ GQ ™2 ICT/NRy (1)t 27/ Nk cos(é=n)

“)
Introducing the steering vector towards ¢ as ag =
[81(2‘”/)\)7“1 cos(p—v1) ed2m/Nr 005(4’*'1//'1()]7“ and the
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beamforming vector as w 2 [wi ... wk]T, the total received
signal at By due to all cluster nodes is approximately equal to

yp, (n) = G271 /Ny (nywHa,. 3)

Denoting the noise power at the AP by 02, the SNR at the AP can
then be expressed as Q = ¢ |wag|” /0 where ¢ = |G|2Q 7.
Our goal is to find a w that maximizes {2 subject to the total
power constraint ||w||> < 1.1t is straightforward to show that
the optimal beamforming vector is given by w. = (1/v/K )ay.
Substituting w.. in (5) and using the definition of a4 to simplify
the result, the received power at By is then given by

X(6,1,9) = CK|F(¢,r, )| (6)

where

K
F(gr,4) 2 % $ A con(in) —cos(6=)
k=1

1 & ;
— % Z e~ IB(@)rr sinthy @)
k=1

with () £ (47 /A)sin (¢/2) and P £ 9y — ¢/2. F(¢, 7, %)
is usually called the array factor at the direction ¢ [1]-[3]. Let R
and ¥ denote, respectively, the random variable representing the
distance of the selected nodes from the origin and the random
variable representing the angular distance of the selected nodes
from the z-axis minus ¢/2. Then, ry, and 1), are realizations of
R and VU, respectively. As the selected nodes are uniformly dis-
tributed on S(O, R; 5, R,,s), the probability density functions
(PDFs) of R and W are given by

_ 2TkA§17 TR € [Ri,57Ro,s]
Tr(re) = {0, elsewhere
~ 1
fq/(ql)k):Q— Y € [—m,m). (3)
Y
For the random variables R and ¥ with the PDFs given in (8),
it is shown in Theorem 5 in Appendix A that the PDF of Z £
Rsin Wisequal to f7(z) in (9), shown at the bottom of the page.
Let z;, £ 7, sin 9. It follows from the above discussion that
(6) can be equivalently represented as X(¢,z) = K |F(¢,z)|?
where
K

. 1 s
F(p,z) = }Ze JB(d)zk

k=1

(10)

is an alternative representation of the array factor (7) and
z 2 [21,2,...,2x] is a realization of a K-dimensional

random vector Z = [Z1, Za, ..., Zx] with independent entries
that are identically distributed according to (9). Let us define
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Fig. 1. The WSN cluster in a polar coordinate system.

the far-field beampattern as the received power from the WSN
cluster normalized by <K, that is, P(¢,z) = ¥(¢,2)/<K. We
then have

P(p,z) =|F(¢,2)|?

1 1 K K
_ } + ﬁ Z 8*1/3(4))% Z 81/3(4))»21. (1)
k=1 I=11#k

The far-field beampattern is an essential feature of a beam-
former as it represents (a normalized version of) the spatial
distribution of the impinging power from the beamformer and,
therefore, not only its level at ¢»9 = 0 is proportional to the SNR
at the AP, but also determines the level of interference inflicted
on unintended receivers at any arbitrary angular direction
¢ # 0. In this work, P(¢,z) is a random variable that depends
on the realization of Z. This justifies the practical value of the
study of Pay(¢) = Ez {P(¢,Z)}. Note also that as the entries
of 7 are independent random variables, it is direct to apply the
strong law of large numbers when K — oo to show that any
arbitrary realization of P(¢, Z) converges with probability one
t0 Pay(¢). It can be inferred from the above fact that, when K
is large enough, the difference between P,y (¢) and P(¢,z) is
negligible at all directions (see [1] for a similar observation).
This further substantiates the practical importance of P,y (¢).

III. THE EFFECTS OF THE NODE SELECTION REGION ON THE
DBF PERFORMANCE

It is proven in Theorem 6 in Appendix A that, if a random
variable Z is distributed according to (9), we have
. 2
)Z |
B{"} =

Ko, _BRis op
X(m“RO’SW” J1<Rz,sﬂ<¢>>) (12)

B(¢)

fz(z) = -
245" Ry /1~ ()

®
Ri,s S |Z| S Ro,s
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2
R(Q)Q_RZZS.

B¢)

Ji (Ro,sB(¢)) — (13)

5 (Beab())

A(9)

where .J,,(+) is the nth order Bessel function of the first kind.
Using (12) and the fact that the entries of Z are independently
distributed, it is direct to show that (13), shown at the top of
the page holds. It is noteworthy that when R; ; = 0, that is,
when the ring S(O, R; 5, R, ) transforms to D(O, R, s), the
disc centered at O with radius R, ,, (13) simplifies to

Ji (RosB(9)) |”

A
K K R,.s8(¢)

The same expression as in (14) has been obtained for Py (¢)
in [1] that exclusively considers the special scenario of R; ; =
0. In Sections III-A-III-E, we analyze P,y(¢) in (13) and ex-
plore some advantages of choosing R; ; # 0 with respect to
the conventional approach of [1] that selects the nodes from
D(O,R, ).

Pav() = (14)

A. The Mainlobe of the Average Beampattern

Similar to the beamforming for centralized antenna arrays, it
is crucial to form a beampattern with a narrow mainlobe when
using DBF. A narrow mainlobe implies that most of the trans-
mitted power concentrates in the direction of the target AP.
Moreover, when the target AP has a small angular distance from
other receivers such as other clusters’ APs, a narrow mainlobe
is essential to avoid inducing significant interference on the un-
intended receiving terminals. In particular, it is advisable in the
latter case to have the mainlobe narrow enough such that the first
null of the beampattern P (¢, Z) positions in the direction of the
unintended receiver with the smallest angular distance from the
target AP. It is noteworthy that, as P(¢, Z) is a random variable,
the positions of its nulls are also random quantities. However,
as discussed at the end of Section II-B, when K is large enough,
all realizations of P(¢,Z) are close to P,y (¢), and, therefore,
the position of the first null of P, (¢) (in the sense of the second
term in (13)) is a reliable approximation of that of the first null
of P(¢,Z) for any arbitrary realization of Z.

As can be observed from (12) and (13), the position of the
ith null of P,y () coincides with ¢ ;, the ith positive root of

E{eﬂ A@)Z} n what follows, we analyze ¢, ; as a function
of « = RL s/ Ro,s. First, let us introduce

f(z,a) 2 : _2a2 (Jlix) - O‘Jlio‘x)> . 0<ac<l.
15)
From (12), we have E{e?#(®)2} = f(R, ,3(¢), ). The fol-

lowing theorem holds.
Theorem 1: Let z*(«) be the smallest positive number such

that f(z*(«),«) = 0. We have
z*(0) =1 (16)
liml_ z*(a) =1 (17)

where v = 3.8317 and vy ~ 2.4048 are the first positive roots
of Ji(z) and Jy(z), respectively. For any a € (0, 1)

vy < ¥(a) < vy. (18)

Moreover, 2*(«) is the only root of f(z,«) in (vg, 1) and
dz* ()
do
Proof: See Appendix B.
Theorem 1 shows that, for any given R, ,, ¢>(n),1 is a de-
creasing function of R; s: If R; ¢ = 0, or, equivalently, o = 0,
(16) indicates that R, ,/3(¢(n),1) = V1, o, in other words

b(n),1 = 2arcsin ((47rRo7S)_1)\1/1) ,

< 0. (19)

a=0. (20)

Meanwhile, increasing I2; ; results in increasing «, which, ac-
cording to (19), decreases qS (n),1- The steady decrease in gb(,,
continues until 12; approaches R, s, or, in other words, o ~ 1

In such a case, as shown in (17), R, .,,[3(</>(n) 1) =~ vg. This
means that
P(n),1 R 2arcsin ((47TR075)_1)\I/0) , ax1. (21

Note from (21) that, a narrow mainlobe, or, equivalently,
a small ¢, 1, requires having a large R, . This implies
that R; ; may be very close to R, in practice without
making As = w(R2, — R;,) so small that the number of
nodes on S(O, Rls,Ro s) drops below N. In other words,
S(O,R; s, R, s) can be a narrow ring but large enough to
include at least N nodes.

It follows from (20) and (21) that, when R, /A is
large, diny1 &~ (27R,s) 'Avy for Ry, = 0 while
bmy1 = (27R, ) Ay for R, =~ RO,S The following
results are directly obtained from the above observation.

e Since v ~ 3.8317 and vy ~ 2.4048, the first null of
P, (¢) can be reduced by up to 37% when increasing R; ,
from zero to a close proximity of I, ;. Interestingly, this
means that it is possible to considerably shrink the main-
lobe of P, (¢) just by selecting the active nodes from a
close vicinity of the perimeter of D(O, R, s) while leaving
all other nodes in the sleeping mode to preserve energy.

* Without having any effect on the target ¢, 1, the outer
radius of S can be reduced from R, ; ~ (27rgb(n )1 )7
to Ros & (27 (y),1)~ " Arp, just by increasing the inner
radius R; s fromzeroto R; s = R, s = (27r¢5(n) D .
This property can be very useful when R,y is smaller than

(271'(1)(”)’1) )\1/1

B. The Network Energy

As discussed above, all the nodes on D(O, R; ) as well as the
unselected nodes from S(O, R; s, R, ;) are used neither in DBF
nor in the preliminary step of generating the common signal
using, for instance, a consensus process. Therefore, they may
be left in the sleeping mode. Note that, a node using a typical
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transceiver with the transmission range of several tens of meters
has a power consumption in the order of 10 mW in the transmis-
sion/listening mode while having a power consumption in the
order of 10 W in the sleeping mode [18]. Moreover, as pointed
out in Section II-A, the number of the internode transmissions
required to reach a consensus is typically proportional to N2
[10]. Therefore, even if one extra node, say, from D(O, R; ),
decides to join the consensus process, the total number of re-
quired internode transmissions may considerably increase. As
such, the technique proposed here tends to save a substantial
amount of energy as compared to the technique presented in [1]
that does not propose a policy to switch off any cluster nodes.

As an alternative to select the nodes from S(O, R; 5, R, 5),
one may randomly choose N nodes from D(O, R, ;) toreach a
consensus, while leaving all other nodes in the sleeping mode.
After the consensus is reached, K nodes are delegated to per-
form DBF. Although such an approach increases ¢(,,) 1 to its
maximum value of 2 arcsin ((47rRo75)*1/\1/1) , one may argue
that, as far as the energy saving is concerned, it is immaterial
whether the IV active nodes are selected from S(O, R; s, R, 5)
or from D(O, R, ;). As will be shown in Section III-C, this is
not a correct argument in general as direct internode communi-
cations may be hampered when the active nodes are distributed
throughout the larger area of D(O, R, ;).

C. The Network Connectivity

As discussed in Sections II-A and III-B, the selected nodes
should form a connected network in the sense that a message
originating from any node should be able to diffuse throughout
the whole network. There is arich literature [14], [15], [19], [20]
indicating that the connectivity analysis is a nontrivial problem
even in an asymptotic regime of infinite-size homogenous net-
work. This problem is more severe in our context due to the
facts that the number of selected nodes is finite and, moreover,
boundary conditions are involved as the nodes may be selected
from a narrow ring. Therefore, we approach the above problem
by establishing a necessary condition for the network connec-
tivity in the cases of our special interest. In particular, in view of
the fact that the absence of isolated nodes (the nodes that do not
have any other nodes in their transmission range) is a necessary
condition for the connectivity of a network, we derive the prob-
ability of having no isolated nodes for two essential cases when
the nodes are selected from a large disc and when they are se-
lected from a large narrow ring. Note that, the above probability
is an upper bound on the probability of the network connectivity,
and, as shown in [14], [15], [20], this bound is very tight when
the N nodes are selected from a large disc. The following the-
orem is fundamental for our later developments.

Theorem 2: Assume that the nodes transmission range is I¢.
If the nodes are uniformly distributed on aring S(O, R; 5, R, s)
where

0.5(Ros — Ris) < Rf < Ry s (22)

then the probability that the distance of two arbitrarily selected
nodes? is not greater than Ry is
po L Br
T Ry

(23)
In turn, if the nodes are uniformly distributed on a disc
D(O, R, q) where Ry < R, 4 then the probability that the

31t is assumed that N > 2 and, therefore, the distance between the selected
nodes is well-defined.
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distance of two arbitrarily selected nodes is not greater than R ¢
is

(24)

Proof: See Appendix C.

Before proceeding to further developments, we would like
to stress that (22) is a practical assumption implying that
S(O,R; s, R, ) is a large narrow ring. In fact, if Ag is kept
fixed, I, s can always be chosen large enough such that both
inequalities of (22) hold true. The following example is also
helpful to verify the feasibility of (22) in practical scenarios.

1) Example 1: Consider the case that the node density is
p=01m72 Rf =20m, R, s = 200 m > Ry, and we
aim to determine I?; ; such that at least N = 200 nodes are on
S(0, R; s, R,,s) with a probability not less than ¢ = 1 — 1074,
Using (1), it is direct to show that an inner radius as large as
R; ; = 198.2 m satisfies the above requirement.

It is interesting to observe from Theorem 2 that P(*)
decreases with a rate inversely proportional to R, s, while
P decreases with a much faster rate that is inversely
proportional to R? ,. From Theorem 2, it also follows that

o0,d* -
Pr{a node is not isolated} =1 — (1 — P(°))N_1 where e is
either s or d depending on the region from which the N nodes
are selected. Note also that, when N is large, the isolation of
different nodes can be considered as almost independent events
[20]. As such, the probability of having no isolated nodes is

given by
N
o) _ o\ V1
QRN (1— (1-P®) > .

2) Example 2: Consider the parameters of Example 1.
Using (23) in (25), it follows that P{*) ~ 0.9996. As such, it
is extremely unlikely that any of the 200 nodes selected from
5(0,198.2 m, 200 m) are isolated. Note that, if N = 200
nodes are selected from D(O, 200 m), then, it follows from
(24) and (25) that Pj(d) = O(10713), and, therefore, it is almost
sure that at least one selected node is isolated, and, hence, the
network is disconnected. In fact, it can be shown from (25) that
at least N = 1500 nodes have to be selected from D (O, 200 m)

to reach the target Pj(d) = 0.9996. Note that, reaching such a

target Péd) comes at the price of a substantial increase in the
network power waste due to 650% increase in the number of
active nodes.

As can be observed from (24) and (25), the only means to
increase Pj(d) without requiring to activate extra nodes is to de-
crease I3, 4. In fact, it can be shown from (23), (24), and (25)
that, if the number of active nodes in both S(O, R; ,, R, ) and

D(O, R,,q) are the same, then Pj(d) and P;s) are approximately
equal when

(25)

Ro7d = \/WRfRoys.

Taking into account the assumption that Ry < R, , (26) shows
that Iz, 4 should be considerably less than 2, ;. According to
(20) and (21), this, in turn, means that the width of the re-
sulting average beampattern mainlobe becomes considerably
larger than that of the average beampattern mainlobe when the
nodes are chosen from S(O, R; ,, R, ).

(26)
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Our results in this subsection may be summarized as follows:
Consider a large narrow ring and a disc with the same radius
as the outer radius of the ring. If the number of active nodes on
the ring and the disc are equal, then the probability that some
nodes on the disc are isolated is much higher. There are two
approaches to reduce this probability: 1) Increasing the number
of active nodes on the disc at the cost of a substantial increase
in the network power consumption; and 2) reducing the disc
radius in exchange to a considerable increase in the width of
the average beampattern mainlobe.

D. Approximate Average Beampattern

As discussed in Section III-A, the practical interest in forming
a narrow mainlobe necessitates ¢,) 1 to be small. According
to the developments in the same subsection, ¢, ;1 is inversely
proportional to R, ;. Therefore, a narrow mainlobe can be in
fact associated with a large %, . At the same time, following
our results in the network energy preservation and the network
connectivity in Sections III-B and III-C, it may be preferable to
choose Ag = wR2 , —mR; _ justlarge enough to make sure that
S(O,R; s, Ro.5) 1ncludes N nodes. As discussed after Theorem
2, it is direct to show that i increasing R, s while keeping Ag
fixed results in an R; , that is close to R, s, or, equivalently, a
large narrow ring S(O, R; 5, R, 5). For such a scenario, Py (¢)
in (13) can be approximated as shown by (27) at the top of the
page. Using the fact that

2 ( 7r) >>1
{/—cos |z — — T —
T 4 4

P,y () in (27) can be further simplified to

Pul) cos” (Ro.s(9)

Jo(z) =~ (28)

),

1 1 1 2
KT < ) ?> 7Ry B(0)
(29)

for R, 3(¢) > 1/4.Let ¢y, and ¢,y ; denote the Ith null and
the [th peak positions of the average beampattern, respectively
(note that ¢,) 0 = ¢o = 0). It follows from (29) that

(A(- 1)
~ 2 arcsin (m
1
~ 2 arcsin (%)

forl =1,2,.... Itis noteworthy that the approximate ¢y, 1 ob-
tained from (30) is in fact very close to the approximate ¢,),1
derived in (21). Note also that, the approximations in (30) pro-
vide a simple technique to derive R, ; and I?; ,: Given a desired
b(n),1 OF G(p),1, one may determine the required R, s from (30),

¢(n),l

bp),i (30)

and, then, use the preassigned As = TR2 , — 7rR2 to obtain
R; ;. We also obtain from (29) and (30) that the lth peak of the
average sidelobe is approximately given by

1 1 2
Pu, At (1- =) 5
Yo~ g+ < K) w2 (I+ 1)

Similar to the case where the nodes are selected from a disc [1],
it follows from (31) that Pay(¢(,),1) only loosely depend on K
while being completely independent from R, . As such, it is
not possible to effectively reduce the sidelobe peak levels in ei-
ther case that the nodes are selected from a disc or the case that
they are chosen from a narrow ring. To get around this problem,
it has been suggested in [1] to increase the disc radius aiming
to position most of the major sidelobe peaks around ¢, = 0.
As can be observed from (30), the same technique may be used
when the nodes are selected from S(O, R; s, R, ;). However,
in the scenarios where unintended receivers are in a small an-
gular spread around the target AP, having multiple large side-
lobe peaks concentrated in a close vicinity of ¢9 = 0 may result
in inflicting considerable interfering power on these receivers.
Note that, this interfering effect can be more significant when
the nodes are selected from a narrow ring as, in such a case, the
sidelobe peak levels of the average beampattern diminish with
a relatively low rate that is proportional to their index number.
Section IV presents a technique to effectively tackle the above
problem. In particular, it will be shown that Pay(¢(,),1) can be
significantly reduced if the node selection region is expanded to
multiple concentric rings of proper sizes.

(3D

E. Average Directivity
Average directivity [1], [2]

Dav E f P 0 Z)dqs EZ [ el
7, P($.2)dd ST P(6.2)do
(32)
is a parameter that measures the beamforming efficiency to
concentrate the transmitted power towards the desired direction.
Similar to [1], [2], D,y in (32) cannot be computed in a closed

form. However, following Jensen’s inequality, it is direct to
show that [1]

Dav Z Dav é 27r 27r
B2 {7, Po. 0o} T Pusl9

(33)

Recalling the fact that limg — o P(¢),Z) = Pay(¢) for any ¢

and any realization of 7, it is expected that hm K — o0 Day =
D,,. This implies that D, is a tight lower-bound on D, for
large values of K. The following theorem derives lower-bounds
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on the average directivity in terms of K and R, s /A in the case
that the nodes are selected from a large narrow ring.
Theorem 3: If (27) holds, we have

Day R~ L (34)

K x 2

where 2 F3 (1/2,1/2;1,1,1, —(47R, s /A)?) is a generalized
hypergeometric function. Moreover, it holds for large R, s/A
that

D, S 1
sl 5 0 16Ro,s\ °
K 1+(K_1)M

(35)

473 Ro s
X

Proof: See Appendix D.

Note that lim, — o oF3(1/2,1/2;1,1,1,—2%) = 0.
Therefore, as R, /A grows, the normalized average directivity
converges to its maximum value of 1. The convergence rate is
more visible from (35) which indicates that

D, 1
> (36)

K —1+O<R§s>
x

for large K and R, s/A. An inequality similar to (36) has been
obtained in [1], (33), for the case that the nodes are selected from
D(O, R, ). Comparing (36) with its counterpart inequality in
[1], it follows that the minimum rate at which the normalized
directivity converges to unity is the same in both cases that the
nodes are selected from a disc and from a narrow ring. However,
while in either case (K/R, s)/ should be small to have a nor-
malized directivity close to unity, when the nodes are selected
from a disc, a small (K/R, s)/\ necessitates having K nodes
scattered throughout a disc with a large area of wR2 . This,
in turn, substantially increases the probability that the nodes
lose interconnection (see Section III-C). In contrast, if the nodes
are selected from a narrow ring, I?; ; and R, ; may be chosen
such that (K/R, )/ is arbitrarily small while keeping Ag =
m(R2 , — R7 ) fixed. As discussed in Section III-C, this ame-
liorates the problem of lack of network connectivity when R, s
Srows.

F. Statistical Analysis of the Beampattern

When K is not large enough, the realizations of P(¢, Z) may
be noticeably different from P,,(¢) specially in the sidelobes
region [1]. In such scenarios, the technique presented in [1, Sec.
IV-A] can be directly applied to numerically compute the CCDF
of P(¢,Z) at any arbitrary direction ¢. In view of the fact that
F(¢,Z) is the sum of K independent identically distributed
(i.i.d.) random variables (see (10)), a more analytically tractable
alternative technique to evaluate the CCDF of P(¢, Z) is to use
the central limit theorem and approximate the distribution of

F(¢,7) by that of a complex Gaussian random variable. The
so-obtained approximate distribution may then be used to de-
rive an approximate CCDF of P(¢, Z) [1]. Following the latter
approach, let us represent F(¢,Z2) = (1/VK) - (X — jY)
where X 2 (1/VEK)- Y5, cos(B(¢)Zi) and Y £ (1/VK) -
Zszl sin(3(¢)Zx,). To obtain the Gaussian approximate of the
joint distribution of X and Y, it is required to derive the first and
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the second moments of the latter two random variables. Using
(9), it can be readily proved that E{Y'} = E{XY} = 0, while

2o By 1)
X = f( 016) .5

) - 2, (R ,i,sa<¢>>>

2L, Rosh (2Ro 5/3( ) = Ri s J1 (2R; .8(9))
X2 2RZ B(9) — 287 B()
(zRosJ1< 2o B()) - 2RHJ1< i,sﬁ(qs)))Z
Be) — R; B(9)
02 _l_ Ro J1 (2Ro 85(95)) Rz sJ1 (2Rz Sﬁ(gb»
Y2 2R2 ,B(4) — 2R? ,B(¢9)

(37

Note that when the nodes are selected from a large narrow ring,
a similar approach as in (27) may be applied to show that

E{X} ~\/—J0( RosB(¢))
+ §J0 (2Ro,5/8(¢)) -

— 50 (2R, B(8)).

I (Ro,sB(6))

Ug(%

X

N =N =

o2 (38)

The joint PDF of X and Y can then be computed as
1 z — E{X}|? 2
o= gt (LB 2,
mToXxXO0y

2
Therefore, the CCDF of P(¢,Z) at x is given by

20% oy
Pr[P(¢,Z) > x] =Pr [|F($,2) > «]
=Pr[X*+Y?> K]

/ /_ﬁrf\y

(rcosw, rsinw)dwdr.

(39)

(40)

In general, (40) may be efficiently computed using numerical
integration. However, if R; ;3(¢) is large, we have from (37)
(or (38)) that ag( = o%, ~~ 1/2.In such a case, (40) simplifies to

Pr{P(4,2) > r] = Q1 (V2Zmx, V2Kr).

where Q1(-, -) is the first-order Marcum-Q function. Finally, if
R; ;3(¢) is large enough such that E{X} ~ 0, then

(41)

Pr[P(¢,Z) > k] = e K~ (42)
Note that similar results as in (41) and (42) have been obtained
before in [1] in the case that the nodes are selected from
D(O, R, ) with R, ;0(¢) > 1.

IV. EXTENSION TO MULTIPLE CONCENTRIC RINGS

As can be observed from (31), when R; ; = R, ,, the first and
the largest sidelobe peak of the average beampattern is given by
Pay(¢(py,1) = 0.16 + 0.84/ K which is around 8 dB less than
the mainlobe maximum value. In applications that such a side-
lobe peak level is not acceptable, the DBF nodes may be selected
from multiple concentric rings of proper radii to reduce the side-
lobe peak value. To show this, let us assume that the K nodes
used in DBF are randomly selected from M concentric rings
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Su(0, R RSW), m = 1,..., M where RYY < R"*V.
Similar to the single-ring case, it can be shown that

e o 9 I e

where, as proven in Appendix A, (44), shown at the bottom of

the page, holds. Assume that Ag = 7rR£,@2 — 7R!
n/M for m = 1,..., M, that is, all rings have the same area
while their total area is equal to 7. As 7 is independent from
Rfjf;) Jif Rfjf;) increases, Rl(n;) grows as well such that 77/M re-
mains unchanged. Under this condition, P, (¢) can be approx-
imated for a large R((,lz as shown by (45) at the bottom of the
page. Using (28) in (45), it follows that

(m) ?

ISP INED S G,
" BAM = rRSs)

(46)

for R1,,03(¢) > 1/4. The above approximation shows that the
contributions of all rings to P,y (¢) are simply summed up inside
the absolute value at the right-hand side of (46). This fact facil-
itates a simple approach to determine R((f;), m=1,...,M.
Assume that it is required to have a null positioned at ¢*. Se-
lecting

m)?
O

Pav(¢) ~

my _ A(m—=17)
R = Asin (%4)

all the cosine functions at the right-hand side of (46) are equal
to zero at ¢ = ¢*, while each of these functions is maximized
at a different set of points

oM A7)

AI+1
¢Em)l ~ arcsin A+ ) (48)
form = 1,..., M. This results in generating an average beam-

pattern null at ¢* while substantially reducing the sidelobe
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peaks. Note also that, as all rings reinforce the null at ¢*, one
may conjecture that the null width around ¢* increases as the
number of rings grows. Numerical results in Section VI verify
this conjecture.

It should be mentioned that, if multiple narrow rings
are used, the inter-ring connectivity is maintained when
Rg?;ﬂ) — Rt(ff;) < Ry form = 1,...,M — 1. However,
if the latter inequality does not hold for an m, some of the
nodes located between the rings m and m + 1 may be kept in
the active mode and used to establish the connection between
those rings. Alternative means to maintain the inter-cluster
connectivity [21], [22] may also be adopted to preserve the
connection between the rings.

V. TRANSMISSION OF A NOISY SIGNAL FROM THE DBF NODES

In this section, we study the case where the DBF nodes have
only access to noisy versions of the signal. Such a scenario may
occur if, for instance, the DBF nodes fail to reach a consensus or
when they receive noisy replicas of the signal that is broadcasted
from a source. In such cases, the signal transmitted from the
kth node in the nth transmission slot is si(n) = wi(u(n) +
vg(n)) where v (n) is a zero-mean contaminating noise at node
k. Letv(n) £ [v1(n) ... vg(n)]T. We do not rule out noises’
possible correlations and assume that ¥ = E{v(n)v(n)¥} is
not a diagonal matrix in general. Then, the total transmit power
from the DBF nodes is

Ths = w'(I+A)w (49)
where A £ diag {E{|vi(n)]*} ... E{|lvx(n)*}}
= diag{[X]11 ... [E]xx} with diag{-} denoting a diag-
onal matrix and [-], , standing for the (¢, k)th entry of a matrix
and I is the identity matrix. Using similar steps as in those prior
to (5), it can be shown that the total received signal at B4(Q, ¢)
due to all DBF nodes is

yp,(n) = GQ™ 2 IETN 0y (nywia,
+GQT/ 27T/ NRWH (v(n) ® ay)  (50)

{eis@z) _ 2 . os_ 7 (RO™ g (RO 44
e $E R _ o (Zﬂ oy (R6200) = g5 (RE700) o
m=1 ’ b
M pem) m (m) m 2
1 N | 2 <m2_1 Sy (RE8(8) = Seyh (RE,S)/?(@))
Pa\,(qﬁ)%?—f—(l—?) R(1)hrnR(1)---R(h’,)hmR(M) = TR 2
(MR R(D — RO > ROV - R
m=1
2
1, (1 1) L& REA@ (RV6) - REP6@) (REA)
K K ) |B@M 2 g 2 ROV (RS (9) — RV A())
1 1\]|1 & (m) ’
— Ly (1 - ?> =50 (R s) (45)
m=1
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where © is the element-wise product. Let Ay = diag {ay}
= diag {ej(QW/)\)Tl cos(d—v1)  oi(2m/Mrk cos(d—vr) N Tt ig
stralghtforward to show from (50) that the SNR at the AP is
Qns =< |w a0| /(cwi AgEAL'w + 02) where the subscript

” differentiates the SNR in the noisy sensor case from its
noise-free sensor counterpart. Similar to Section I, our goal is
to find the optimal beamforming vector that maximizes {2, sub-
ject to the total power constraint Y, < 1. In this case, the op-
timal w is

(Aozaf+4 (I+A))_l ag

Wns =

R -1
H(I+A)1/2 (A02A51+%° (I+A)) a0

-1

Ao (Z+4 (1+4)) 1

\/ 17 (244 (144)) (144) (=

2 —1
02
+o (I+A)) 1
(5D
where 1 is a vector with all entries equal to 1. Using (51) in (50)
and taking the statistical expectation from the square norm of the
resulting expression, it can also be readily shown that the total
received power at By (@, ¢) from the DBF nodes is given by
(52) shown at the bottom of the  page, where M1 (¢,r,9) =
Al agag HAy and My(p,r,9) = AHA¢2A 4 Ao. From the
definition of A, we have

= ej(QW/)\)T.;(COS(d>7'x/;1- )—cos(v;))
. e—j(ZTr/A)r;..(cos(d>—wk)—cos(y’;k))
— ejﬂ(¢)zi . e—jﬂ((f))zk.
[Ma(, v, )ik = [E], ! @/ Nri(cos(@—tpi)—cos(t)
. e—j(27r//\)rk(cos(d)—wk)—cos(qjj,‘.))
= [E]i,kejﬁ(‘f’)zi . e—iB(®)zk

M (¢, r, ¢)]zk

(53)

(54)

1913

In view of (53) and (54) and following the same treatment as
in the noise-free sensor case presented in Section II-B, the total
received power xps(¢, r,%) can be equivalently represented as
(55), shown at the bottom of the page, where M;(¢,z) and
My(¢,z) are two matrices whose (4, k)th entries are given by
the right-hand sides of (53) and (54), respectively. Similar to the
noise-free sensor case, the far-field beampattern Py (¢,z) =
Xns(®,2z)/s K is an important characteristic of the beamformer
as it determines the spatial distribution of the received power
from the DBF nodes, and, in particular, the level of interfer-
ence induced by the WSN cluster on any possible unintended
receiver at any arbitrary direction ¢» # 0. The following theorem
explores the simple relation between the average beampattern
in the noisy sensor case and its noise-free sensor counterpart
P, av((b)'
Theorem 4: Let Pyg av(¢) = Bz {Pac(,7)}. We have

Pns,av((z)) = Clpav((;b) + co

where P, (¢) is given by (13) when the DBF nodes are selected
from a single ring and by (43) and (44) when they are selected
from multiple concentric rings and c¢; and ¢y are two constants
that do not depend on ¢ and are given by (57) and (58), shown
at the bottom of the page. If noises at sensors are uncorrelated
and have equal power, that is, ¥ = 21, then (56) simplifies to

(56)

1 2
-~ P, R
14 0?2

Proof: See Appendix E.

Note that (59) is in the same spirit as [3, Eq. (16)] that of-
fers an average beampattern expression for an ad-hoc WSN with
i.i.d. sensor noises and a different power constraint than the total
power constraint used in our work.

Equation (56) shows that Py .. (¢), the average beampattern
in the noisy sensor case, is only a scaled and a biased version
of P.y(¢) and, further, the scaling factor and the bias are not
functions of ¢ and depend only on X. Therefore, P av(¢) and

Pisav(9) = (59)

-1

T(+L@+a)) (M1(¢r¢)+Mz(¢>r¢))( §(1+A)) 1
Xus(,1,9) =< - : - (52)
T(2+%0(I+A)) (1+A)(2+90 1+A)
Xns($,7) = - Tmr s AQ))_I (Ml(ﬁ’Z) . MZ(@Z))Q(Z i (Ij A))_l ! (55)
T(2+%°(I+A)) (I+A)(2+%"(I+A)) 1
1T(2+§(1+A))_1(11T+>:—1_A)(z+%5(1+A))_11
¢ = : — . - (57)
(K-1)17 (S+ 4 1+4)) 1+4)(S+L£@+4)) 1
17 (24 4@+ A) " (K14 KA-117-5) (24 4 @4 a) 1
o = - (58)

K(K -

1)-17 (2+§(I+A))71(I+A) (z+

i—3(1+A)) 1
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P..(¢) share exactly the same set of null and peak positions,
respectively, at ¢(,,) ; and ¢ ;) ; while we have Prg av(¢(n),1) =
Clpav((b(n),l)'i'cZ and Pns,av((z)(p),l) = Clpav(¢(p),l)+62~ Sim-
ilar to the noise-free sensor scenario discussed in Section III-A,
it follows from (56) that when selecting the active nodes from
a close vicinity of the perimeter of D(O, R, ), the mainlobe
of Pps av(¢) can also be shrunk by up to 37% compared to
the case that the nodes are randomly selected from the whole
D(O, R, ;). Following a similar discussion as in Sections III-B
and III-C, it also holds that both the network energy waste and
the node isolation probability are substantially reduced in the
former case. The approximate expressions of P,y (¢) derived
in (27) and (29) for a single narrow ring and in (45) and (46)
for multiple concentric narrow rings can also be used in (56) to
obtain the counterpart approximations of Py av(¢). Moreover,
when it is required to position a null in a particular direction, it
is possible to do so by selecting the rings outer radii from (47).
In light of (56), the results regarding the average directivity of
the beampattern presented in Section III-E and the statistical be-
havior of the beampattern obtained in Section III-F can also be
straightforwardly generalized to the noisy sensor case.

VI. SIMULATIONS

Numerical simulations are used to validate the analyt-
ical results derived in Sections III and IV. In all examples,
A = 10 m is selected. Fig. 2 shows P, (¢) versus ¢ for
the case that K = 20 nodes are randomly selected from
S(0,aR, s, R, s) with R, s = 100\ and four different values
ofa =0, 0.3, 0.7, 0.998. Note that, « = 0.998 corresponds to
the case that the nodes are selected from S(O, 998 m, 1000 m)
and, assuming that p = 0.1 m~2, the expected number of
nodes located on the latter ring is ( = pAg ~ 1225. Moreover,
the inner and outer radii of S(O, 998 m, 1000 m) satisfy (22).
Assuming that Ry = ), we have obtained R, 4 ~ 177.25 m
from (26) and, for the sake of comparison, we have also
plotted P, (¢) in the case that the nodes are selected from
D(O, R,.q). Recalling our discussion in Section III-C, if the
numbers of active nodes in both S(O,998 m, 1000 m) and
D(O,R,,q) are equal, then the probability of node isola-
tion in both cases is almost the same. As can be observed
from Fig. 2, increasing « results in decreasing ¢(y),1. More-
OVer, ¢(,),1 corresponding to « = 0 and o = 0.998 are in
fact very close to the analytical values obtained in (20) and
(21), respectively. Finally, all curves have only one null in
[2 arcsin ((47rRo,5)_1)\1/0) , 2arcsin ((47TRO7S)_1)\I/1)]. The
above observations verify the results of Theorem 1. Fig. 2 also
shows that the peak values of P,y (¢) increase with an increasing
a. However, even when o = 0.998, the average beampattern
still enjoys much higher directivity than its disc-based coun-
terpart wherein the nodes are selected from D(O, R, 4). The
first row of Table I shows Dav /K with K = 20 for the four
considered values of « as well as for the case that the nodes are
selected from D(O, R, 4). As can be observed from Table I,
when the nodes are selected from S(O, a - 1000 m, 1000 m),
increasing « results in a small reduction in Dy /K. At the
same time, D,,/K for @« = 0.998 is substantially larger than
D, /K when the nodes are selected from D(O, R,, 4).

Fig. 3 shows the same curves as in Fig. 2 for K = 200. While
all curves have deeper nulls in Fig. 3, most of the observations
made above from Fig. 2 also hold in this example. The second
row of Table I gives D,y /K for all cases considered in Fig. 3.
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Fig. 2. P..(¢) (dB) versus ¢ (deg) for K = 20.
~ TABLE I
D,,/K ForR K = 20 AND K = 200 AND DIFFERENT
a=0|a=03| a=0.7 | «a=0.998 | D(O,177.25 m)
K =20 0.98 0.98 0.98 0.97 0.91
K =200 0.85 0.85 0.85 0.76 0.51
‘‘‘‘‘ a=0
-==a=03
=07
o =0.998
w— D(O, R, )

PaV (¢ )

25 i i ) i i
0

¢ (deg)
Fig. 3. P..(¢) (dB) versus ¢ (deg) for I = 200.

Again, the table shows that Dav /K for o = 0.998 is consid-
erably higher than D,,/K when the nodes are selected from
D(O, R, ).

The accuracy of (29) and (30) to model the behavior of
P,.(¢) for a large « is examined in Fig. 4. First, assuming the
target ¢(),1 = 2 (deg), R, s is derived from (30). Then, the
so-obtained IZ, ; and K = 20 are used to plot the approximate
P..(¢) for « — 1~ from (29). The same K and R, , are also
used to plot the limiting P, (¢) for « — 1~ from (27) as well
as Pay(¢) curves for a = 0.9, « = 0.95, and o = 0.998 from
(13). It can be observed from Fig. 4 that P, (¢) curves obtained
from (29) and (27) are almost indistinguishable throughout the
whole range of examined ¢. This verifies the accuracy of (27)
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Fig. 4. P..(¢) (dB) versus ¢ (deg) for o &~ 1.

in predicting the behavior of the average beampattern when «
approaches to one. Note from Fig. 4 that the curves drawn from
(27) and (29) closely follow those obtained from (13) especially
for a small ¢. For larger values of ¢, the smaller the «, the more
the deviation of its corresponding P,y (¢) curve from the lim-
iting curves (27) and (29). Finally, as can be observed from the
figure, gb(n),l is very close to the target value of 2 (deg) in all
curves. This confirms the reliability of (30) in estimating the
first null of the average beampattern when « is close to 1.

In Figs. 5-7, p = 0.1 m~2 and ¢ = 300 is selected. More-
over, for any given R, s, R; s = /R2 ; — (/(mp) is chosen to
guarantee that the expected number of nodes on the ring is in
fact equal to (.

InFig. 5, R, s = 100 is selected. This figure shows the nor-
malized versions of Dav in (33) as well as the average directivity
D, in (32) where the nodes are selected from S(O, R; 5, R, 5)
and the average is taken over 1000 independent realizations of
the node locations. Fig. 5 also displays the normalized version of
D, curve in (34) derived for the case that R; ;, — R, , along
with the curve corresponding to the lower-bound obtained in
(35). Finally, for the sake of comparison, we have also shown
the normalized versions of D, in (33) for the scenarios wherein
the nodes are selected from D(O, R,, ) and D(O, R,, ;) where
R, 4 is obtained from (26) with Ry = X. As can be observed
from Fig. 5, the normalized average directivity curve is very
closely followed by the normalized versions of D, curves ob-
tained from (33) and (34). This verifies that (33) is in fact a
tight lower bound on the average directivity. Moreover, it shows
that, for the selected values of p, (, and R, 5, D, expression in
(34) accurately predicts the beampattern directivity. Fig. 5 also
shows that although the simple lower-bound obtained in (35) is
correct, it is quite conservative especially for larger values of
K. Tt is also important to observe that the directivity when the
nodes are selected from S(O, R; s, R, 5) is substantially larger
than the directivity when the nodes are chosen from D(O, R, 4)
while being less than the directivity when the nodes are chosen
from D(O, R, ). However, recalling our discussion in Sec-
tion III-C, it should be taken into consideration that when the
nodes are selected from D (O, R, ), the probability of node iso-
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Fig. 6. DaV/K versus R, s /A for K = 20 and K = 200 and corresponding
to the cases that the nodes are selected from S(O, R; ,, R, ), D(O. R, ),
and D(O. R, q).

lation is much higher than the case that the nodes are selected
from S(O, R; s, R, s) or D(O, R, q).

Fig. 6 displays Dav/K versus R, /A for K = 20 and
K = 200 and three different cases that the nodes are selected
from S(O,R; s, Ro5), D(O,R,5), and D(O, R, 4) where
R, 4 is obtained from (26) using Ry = A. Fig. 6 shows that se-
lecting the nodes from S(O, R; ,, R, ) and D(O, R, ,) results
in approximately equal D, /K throughout the whole range of
examined R, ;. This substantiates the advantage of selecting
the nodes from S(O, R, s, R, ;) that is associated with a much
more favorable network connectivity condition. It can also be
observed from Fig. 6 that when the nodes are selected from
D(O, R, q) which has a network connectivity condition similar
to S(O, R; 5, R, ), the directivity significantly degrades. This
further corroborates our discussion at the end of Section I1I-C.

Fig. 7 shows D, /K versus R, ,/\ corresponding to the case
that K = 200 nodes are selected from S(O, R; s, R, 5). This
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Fig. 7. ﬁm,/K versus R, s/ for the cases that the nodes are chosen from
S(O,R; .,R,,),D(O,R, ,),and D(O, R, ;) with R, 4 corresponding to
Rf = A, R/ = 4)\,ande = 8\,

curve is compared with the limiting Doy /K curve derived in
(34) as well as D,,/K curves corresponding to the cases that
the nodes are selected from D(O, R, 4) with three different
R, q values obtained from (26) for ﬁf = A, Ry = 4\, and
R; = 8\. This figure also draws D,,/K curve for the sce-
nario in which the nodes are selected from D(O, R, ;). Note
from Fig. 7 that the actual and the limiting D,, /K curves are
almost indistinguishable. This further verifies the accuracy of
the asymptotic D, /K expression in (34) in approximating the
actual value of D,y /K when S(O, R; 5, R, 5) is a large narrow
ring. It can also be observed from Fig. 7 that, even for an 2 as
large as 8, the directivity when the nodes are selected from
S(O, R; s, R, ) is higher than the case when the nodes are
chosen from D(O, R, 4 = \/TR¢R,s).

Fig. 8 demonstrates the effect of using multiple concentric
rings on P, (¢). Four cases of M = 1, 2, 3, and 4 are consid-
ered. In each case, the desired first null of the average beampat-
tern is set to ¢y 1 = ¢* = 1 (deg) and (47) is used to obtain
R((,g)form—l , M. Then, p = 0.1 m—2 and ¢ = 300 are
used to derive 7, the aggregate area of the M rmgs Finally, as-
suming that all M rings have the same area, R are achieved
form = 1,..., M. As can be observed from F1g 8, all four
curves have a null at ¢* = 1 (deg). Moreover, increasing M,
not only the sidelobe peak levels substantially decrease, but also

the null width around ¢* = 1 increases. This validates our dis-
cussion in Section I'V.

VII. CONCLUSIONS

A transmit beamforming technique was studied in wireless
sensor networks with uniformly distributed nodes and the ef-
fects of node selection on the average beampattern, the energy
efficiency, and the network connectivity were investigated. The
average beampattern expression was obtained for the general
case that the beamforming nodes are located on a ring with ar-
bitrary inner and outer radii and it was shown that increasing
the inner radius, or, equivalently, selecting the nodes from a
vicinity of the ring’s outer boundary, not only results in nar-
rowing the average beampattern mainlobe but also in a more en-
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ergy efficiency and a less node isolation probability. In the case
that the beamforming nodes are located on a large narrow ring,
a simple approximate expression for the average beampattern
was obtained and a tight lower bound on the average beampat-
tern directivity was derived. It was shown that the lower bound
approaches to one with a minimum rate similar to that of the
technique proposed in [1]. Statistical properties of the beampat-
tern were analyzed and an approximate expression for the com-
plementary cumulative distribution function of the beampattern
was derived. The techniques was then generalized to the case
that the nodes are chosen from multiple concentric rings and
it was shown how the rings’ radii can be properly selected to
substantially reduce the sidelobe peak levels. A SNR-optimal
beamforming vector was also obtained in the case when the
DBF nodes only have access to noisy versions of the signal and
a simple relation was established between the beampattern ex-
pressions in the noise-free and noisy sensor cases.

APPENDIX A
PRELIMINARY RESULTS
Theorem Consider ) concentric
rings4S,, (O, RST),R(m)) with R < R(m+) = 1,

.,M — 1 and a random point T(R,‘Il) where R and ¥
respectively denote the radial and the angular coordinates of T’
in the polar coordinate system with origin O and an arbitrary
x axis. Assume that 7" is uniformly distributed on the region
Sar = UM_, S, (shown by hashes in Fig. 9), that is,

falr) = {27~A5A11 re UM_ R, RV
0 elsewhere
fo(y) = 5. VE [0, 2) (60)
™
, 2 2
where As, = =M R RE?Z) is the area
2
of Sy Let €om(z) 2 R 1—(z/R£,f2)) and
ml(z) 2 R (z/R(m)> . Then, the PDF of
Z 2 Rsin(¥) is given by (61), shown at the bottom of

4Equation (9) is a special case of Theorem 5 for M = 1.
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Fig. 9. M concentric rings with R{' ;1 < z < R\') (left subfigure) and R\') < = < R(!), (right subfigure).

the page, where R, = 0 and the superscript of féM)(z) is
used to emphasize the number of rings.

Proof: Tt is direct to show that f(M (2) = féM)(—z).
Therefore, without any loss of generahty, we prove the theorem
for z > 0. Forany z > 0, thereisan ! = 1,..., M such that
Ro1—1 < z < R,,;. Using the fact that Ti is umformly dis-
tributed on Sjs, we have

>

As,. o,
L S = B

zZ (Z) - dZ ( > Z) - dZ ASM (62)

, that is above the line D

(see Fig. 9) Let us first assume that R, ;1 < z < R() From
the left subfigure of Fig. 9 it can be readily shown that

where Ag_ , is the area of a part of .S,

sy = SR (0 = 2y ) = SRED (r— 2 )
—2(R{™) c08 do,m — Rl(»j?) cosd;m) (63)
form = [,..., M. Note that d,,, = arcsin(z/Rg?;')) and

dim = arcsin(z/ R(m)) Using the latter equalities in (63) and
substltutmg the resulting expression in (62), the first equation
of (61) follows. For the case when R( ) < z < Ry, it can be
observed from the right subfigure of Flg 9 that

As, , = ERE,,(W 2d,1) — 2Ry cosd, g, (64)
while As,, ,, is given by (63) form = [+1,..., M. Using (64)
and (63) in (62), the second equation of (61) follows.

Proof of (12) and (44): We prove (44) for a general M.
Equation (12) is treated as a special case of (44) for M = 1.
The following lemma is essential for the main proof presented
in Theorem 6.

Lemma 1: For any arbitrary scalars ¢ and 3 we have

/ tel74 1 — d7 = —J1 (tB).
—t

Proof: Introducing cos 6 = /t, it is direct to show that

t 5 - _
/ te]ﬂzw 1- (;) dz = / 2 sin? et cosf gy
—t Jo

t [T
- / (I8 s (os 000 (66)
0

(65)

where the second equation is obtained using integra-
tion by parts. Taking into account the fact that J,(z) =
1/j" foﬂ eI <59 cos(nf)df, (65) follows from (66). This
completes the proof.

Theorem 6: Consider Z as described in Theorem 5. We
have

B {e/) = .
(m)* _ p(m)
'mZZI RO’S Rz,s
M (m) (m)
. < Z RT (R(m)ﬁ) (R(m),@)> 67)
m=1

where 3 is an arbitrary scalar.

M
QASAlI Z—l go,m(z) - gz,m(z>

7 () =

m=I+1<M

_ M
2A$M fo,l + Z

Eom(2) — &,m(z)> RY) < |2] < Ry,

Rovlfl < |Z| < R(l)

1,8

(61)
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JBz\ _ 8= . Bz Bz
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2451

s (Gor1(2) = €11(2) + 0545, P (2)) 12| < RS

— RrUTD . RM RO
B oA e o0 s | 0 e D)
E {6] } 2A5l+1 </_R£)H;1) eJ 6071+1(Z)d2 + /_R(l+1) e] (fo,l'i‘l(z) — 6171+1(Z)) dZ + 0'5A5l /_’REJ)S e] fZ (Z)dz
R RO R
# [ @ o) =GNt [T Gorn) — G e+ [ efﬁzgo,z+1<z>dz)
,Rgl_) ) R(_l+1)
RUAD) RUAD l m) (m)
_9g-1 1 _ T B Ro,s (m) .8 (m)
=245, </—R$,’jgl> e 141(2)dz /—RV*” e i (2)dz + Z J1 (R ﬁ) — (Ri,s ﬁ))
41 p(m)
2 R
— 9,8 (m) (m)
T4l (m)?2 (m)?2 (Z Ié; J1 (R B) R p ) (71)
> Ry — Ry \m=l
m=1 ’
Proof: Proof is by induction over M. According to (61), = Jo(z). (72)

for M = 1 we have

(M) m(RGL-RY)
Z (Z) = 26,,1(2) (1) ) (68)
Ay il Sl < Ros

0< |z < RY

From (68), we obtain (69), shown at the top of the page. Note
that the last equality of (69) follows from (65). This proves (67)
for M = 1. It remains to show that if (67) holds for M = [, it
also holds for M = [ + 1. To show this, it is useful to express

SH) (2) in terms of fél) (2). This is done in (70), shown at the
top of the page. Equation (70) can be used to obtain (71), shown
at the top of the page, for M = [ + 1. Note that the second
equation of (71) follows from the assumption that (67) holds for
M = [ and the third equation of (71) is due to (65). Equation
(71) shows that (67) holds for M = [ + 1. This completes the
proof.

APPENDIX B

PROOF OF THEOREM 1
First, note that f(z,0) = 2.J;(z)/«. This directly yields (16).

To prove (17), we have
i <J1(x) — aJl(oza:))
a—1- T —ar
1 d(zJy(x))
oz dzx

lim f(z,a)=

a—1-

Equation (17) is a direct result of (72). To proceed to the proof
of (18), we first need to show that

flz,) >0, for =€ (0,19]and a e (0,1). (73)
Let hy(x,&) £ xJi(Ex). We have
B 2 hi(xz,1) — hi(z, @)
f(x7a)_(1+oz)a:2 ' -«
_ 2 - Ohy(z,¢€) |
(14 )22 ¢ £=a
= (12fa) - Jo(erz) (74)

where ¢; € (a, 1) and the second equality in (74) is due to the
mean value theorem. Note that as z € (0,v9] and ¢; € (a, 1),
we have that c;z € (0,14), and, therefore, Jo(c1z) > 0. This
establishes (73). An immediate result of (73) is that z*(a) > vy
for a € (0,1). We also have f(v1,a) = —2aJ1(avy) /(v (1 —
a?)) < 0 for @ € (0,1). The latter inequality along with (73)
show that for any given « € (0, 1), the sign of f(z, a) changes
inz € (vy,v1). As f(x, ) is continuous, the latter result along
with the fact that *(«) > v prove (18).

Now, we need to prove that, 2*(«) is the only root of f(z, a)
in (vg,11) for any given o € (0,1). Note that, if 2*(«) and
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Z(«) are two distinct roots of f(z,«) in (vg,v1) and, more-
over, Of(v,a) /07 |p—z+(a)< 0 and Of (w, ) /0% |o—z(a)<
0, then, considering the fact that f(x,«) is continuous, there
must be a third distinct root (o) € (x*(«),Z(«)) such that
Of(z,)/0% |p=3(a)> 0. Therefore, to be able to show that
x*(«) is the only root of f(z,«) in (vg,v1), it is sufficient to
prove that

(75)

for any Z € (v, v1) that f(Z,a) = 0. To prove (75), note that
if Z is a root of f(Z,a) = 0, then

) |, im - (ule) — aha(am))  06)
and, hence, we require to show that
Jo(%) — o*Jo(az) < 0. (77)
The proof of (77) is by contradiction. Let us assume that
Jo(z) — o®Jo(az) > 0. (78)

Since Z € (vp,v1), we have Jy(Z) < 0. The latter result
along with (78) yield Jo(aZ) < 0. This, in turn, implies that
T > vy/a. Let us introduce ho(€) 2 €2J5(EX). Due to (78),
ha(1) — ha(a) > 0, and, hence, there is a co € («, 1) such
that th(f)/df |5262: 262(]0(0257) — C%fjl(CQE) > 0. Form
the latter inequality we have that 2.J(c2Z) > coZ.J1(c2T). As
ceZT < w1, the right-hand side of the latter inequality is larger
than zero, and, therefore, co¥ < 14. This, along with the fact
that co > «, imply that Z < vy/a. The latter inequality con-
tradicts our earlier result that Z > vp/«. This proves the cor-
rectness of (75) and, consequently, the uniqueness of the root of
f(z,a) = 0in (vg, v1). It remains to prove (19). As x*(«) is a
solution to f(z,«) = 0,

() J1 (2" () — az™(a)J1(ax™ (@) = 0. (79)
From the latter equation, it is direct to show that
do*(a) az*(a)Jo(az*(a)) (80)
da Jo(z*(a)) — a2Jo(az*(a))’

Note that, according to (77), the denominator of (80) is less then
zero. Therefore, to prove (19), it is required to show that

Jo(az*(a)) > 0. (81)
To show (81), let h3(£) £ £J1(€x* (). Tt directly follows from
(79) that h3(1) — hs(a) = 0, and, therefore, there is a c3 €
(av, 1) such that dhs(§)/d€ |e=c,= c3z™(a)Jo(csz*(a)) = 0.
It holds from the latter equation that c3z*(«) = vy, and, hence,
az*(a) < vg. Inequality (81) is obtained from the latter result.
This completes the proof.

APPENDIX C
PROOF OF THEOREM 2

As the two nodes are arbitrarily selected, they are two
arbitrary points on S(O,R; s, R,s) (or D(O,R, 4)). As
such, in the case that the nodes are uniformly distributed on
S(O,R; 4, R,), we have P() = Ap/(mR% , — mR?,) where
A is the area of the R -neighborhood of an arbitrary point 7’
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Fig. 10. An R -neighborhood of a node on S(O, R; s, R,).

on S(O, R; s, R, 5). The hashed region in Fig. 10 depicts this
neighborhood. Note that, due to the left inequality of (22), the
R ¢-neighborhood of T is cut by both inner and outer boundaries
of S(O,R; s, R, 5). Moreover, not only Ry < R, ;, but also
it follows from (22) that Ry < R, s — (Ros — Ris) = Ris.
The above observations imply that A; can be well ap-
proximated by the area of a rectangle of length 2R; and
width R, s — R;s (see also Fig. 10). Therefore, we have
PG ~ 2R¢/(rR, s + TR; ) = Ryf/(7R,s). This proves
(23). In the case that the nodes are uniformly distributed on
D(O, R, 4), we have PV = AT/(TFRz’d) where A7 is the area
of the R ¢-neighborhood of an arbitrary point T on D(O, R, 4).
Due to the assumption that Ry < R, 4, the probability that
the distance of 1" from the disc boundary is less than Ry is
negligible, and, hence, Ay = mR2 7 with a high probability.
This directly establishes (24).
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Note that
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where (a); = a(a + 1)...(a + [ — 1). Inserting (83) into
(82) (34) directly follows To prove (35), let us first denote
Y £ 47R, /) and z = ~ysin(¢$/2). From (82) we have

N K
K-1)

(83)

O (84)

L _dz

T V1-(3)

To derive a lower-bound on D,,, we obtain an upper-bound
on the integral in the denominator of (84). First, note that (28)
implies that Jy(x) < \/2/(wz) for £ > a where a is a positive
scalar. Although 1t can be shown that the latter upper-bound
holds in fact for a = 0, we select a tighter upper-bound on Jo ()
as follows

z € (0,2)

K

1
Jo(x)s.q(x)z{ 2 s (2,00

T

(85)

From (85) we have that
J3 (x)

.
/ 2dm
Cy1-(3)
</2/’T dx 2 (7 dx
=~ 0 : 1_(5)2 ™y 2/x 1_(2)2
1+ 1—(%)2

(86)

Using (86) and (84), inequality (35) follows. This completes the
proof.

APPENDIX E
PROOF OF THEOREM 4

First, note that (55) yields (87), shown at the top of the page.
From (53) we have

- 1 i=k
[Ez {M(¢, Z)}]Lk = { I {ej5(¢)Z}|2 i £k (88)
while from (54) it holds that
[EZ {M2(¢7 Z)}L’k = [E]Lk[EZ {Ml((:bv Z)}],,k (89)

Note that 7#(#)Z in (88) is given by (12) when the DBF nodes
are selected from a single ring and by (44) when they are se-
lected from multiple concentric rings. In either case, it follows
from (13) and (43) that

[Ez {Mi(¢,2)}],, = {% ik (90)
Using (89) and (90), we obtain
Ez {Mi(¢,2)} = —KP;;(?)I_ Loar
+ (1 - A0 1) 1o
Ez {Ma(¢,2)} = % B
+ (1 - %) A (92)

Using (91) and (92) in (87) and following a straightforward ma-
nipulation, (56)—(58) are obtained. To prove (59), note that when
¥ = 0%T we have (93) and (94), shown at the top of the page.
Substituting (93) and (94) in (56), (59) follows. This completes
the proof.
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