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Abstract—Null-steering transmit beamformers aim to maxi-
mize the received signal power in the direction of the intended
receiver while substantially reducing the power impinging on
the unintended receivers located in other directions. The existing
null-steering beamformers may not be directly applied in wireless
sensor networks (WSNs) as they do not conform with the decen-
tralized nature of WSNs and require every node to be aware of
the locations of all other nodes in the network. This manuscript
presents a novel collaborative null-steering beamformer that can
be implemented in uniformly distributed WSNs in which each
node is oblivious of other nodes’ locations. The average beampat-
tern expression of the proposed beamformer is derived and it is
shown that the beampattern associated with any arbitrary realiza-
tion of the nodes’ locations converges with probability one to the
so-obtained average beampattern as the number of collaborating
nodes grows large. Properties of the average beampattern are ana-
lytically studied. In particular, it is proven that the average gain of
the proposed beamformer is inversely proportional to the number
of collaborating nodes in the directions of unintended receivers
and further, if a mild condition is satisfied, it is approximately
equal to that of the collaborative conventional beamformer in the
directions with far angular distance from any unintended receiver.

It is argued that if virtual unintended receivers are assumed
at proper directions, then the proposed collaborative null-steering
beamformer can form an average beampattern with sidelobe peaks
substantially smaller than those of the average beampattern of the
collaborative conventional beamformer. To substantiate this ar-
gument, the optimal direction of a virtual unintended receiver is
obtained such that its associated collaborative null-steering beam-
former forms an average beampattern with minimal largest side-
lobe peak. Depending on the number of collaborating nodes, it is
further shown that the largest average sidelobe peak of the latter
beamformer is up to 6.6 (dB) less than that of the collaborative con-
ventional beamformer.

Index Terms—Beampattern, collaborative beamforming,
null-steering beamforming, wireless sensor networks.

I. INTRODUCTION

B ORROWED from the literature of array processing for
centralized antennas, collaborative beamforming for

wireless sensor networks (WSNs) is a strong means to establish
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a reliable and energy-efficient communication link between
small battery-powered sensor nodes and a distant access point
(AP) that may be located far beyond the transmission range
of each individual node [1]–[12]. This long-distance commu-
nication link is established by having a set of collaborating
nodes simultaneously transmit properly weighted versions of a
common data such that their radiated energies are constructively
combined in the direction of the AP. Using collaborating
nodes while fixing their total transmission power, the collab-
orative beamforming can result in up to -fold gain in the
received power at the AP [3], [6], [12]. As such, not only the
nodes aggregate transmission range is substantially increased
in the intended direction, but also each collaborating node can
decrease its transmission power inversely proportional to to
preserve its valuable limited energy resource.

Due to its practically appealing properties, collaborative
beamforming for WSNs is a subject of an increasing attention
in the research community. Assuming that the WSN nodes are
uniformly distributed on a disc, a collaborative beamforming
technique has been proposed in [1] and different characteristics
of its resultant beampattern have been analyzed. Beampattern
characteristics of the collaborative beamforming have also been
investigated in details in [2] in the case that the collaborating
nodes are distributed according to a two-dimensional Gaussian
process. The application of collaborative beamforming has
been extended in [3] to ad hoc WSNs wherein multiple con-
current source-destination pairs are present. How to select
the collaborating nodes to achieve improved beampattern and
network connectivity properties has been discussed in [4] and
a heuristic algorithm to select the collaborating nodes that
obtain a reasonable beamforming performance in the presence
of nodes synchronization errors has been proposed in [5].
Robustness of the collaborative beamforming performance
against the nodes asynchrony has been studied and a technique
to synchronize the nodes has been presented in [6]. A carrier
phase synchronization approach has been proposed in [7] to
facilitate the implementation of collaborative beamforming
in WSNs and convergence properties of a synchronization
scheme for collaborative beamforming has been analyzed in
[8]. Different beamforming techniques under partial channel
state information and energy resource constraints are offered
in [9]–[11]. A review on the collaborative beamforming tech-
niques and the required synchronization approaches has been
presented in [12].

In spite of their significant contributions, none of the above
papers offer any specific treatment in the case where the AP
is neighbored by unintended terminals that should be prevented
from receiving the transmitted data. In many practical scenarios,
however, not only is it required to increase the received power
at the AP, but also it is crucial to avoid inducing interference on
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undesired receiving terminals or to prevent intercepting termi-
nals from recovering the transmitted signal. Proposed for cen-
tralized antenna arrays, the null-steering beamformer [13]–[18]
accomplishes the above tasks by setting the antenna transmis-
sion weights such that while the transmitted signals are being
constructively combined in the direction of the AP, they are de-
constructively mixed in the directions of unintended receivers to
the level at which no signal can be sensed in the latter directions.
Depending on the application, this can substantially improve the
network security against the intercepting terminals and/or in-
crease the signal-to-interference-plus-noise ratio (SINR) at the
undesired receiving terminals by decreasing their interference
level. Although a wide range of applications in WSNs can sig-
nificantly benefit from a reduced signal energy in the directions
of unintended receivers, to the best of our knowledge, there has
been no attempt to apply the null-steering beamforming tech-
nique in WSNs.

In this paper, we present a null-steering beamforming tech-
nique tailored for distributed WSNs. We start with identifying
the main challenge in adopting the null-steering beamformer
from the centralized array processing literature to the context of
WSNs. We show that the classic form of the null-steering beam-
former may not be directly applied in WSNs as it requires that
the exact locations of all nodes to be globally available at every
node; a requirement that does not conform with the distributed
nature of WSNs and, moreover, is not scalable as the number of
collaborating nodes grows large. We assume that the collab-
orating nodes are uniformly distributed on a disc of an arbitrary
radius [1], [3], [19]–[22] and use this statistical information to
introduce a novel collaborative null-steering beamformer that
is applicable in WSNs in which each node is oblivious of all
other nodes’ locations. The average beampattern expression of
the proposed collaborative null-steering beamformer is obtained
and it is further proved that any arbitrary realization of the col-
laborating nodes’ locations results in a beampattern that con-
verges with probability one to the so-obtained average beam-
pattern as grows large. Different properties of the average
beampattern are analyzed in details. In particular, it is proven
that the average gain of the proposed collaborative null-steering
beamformer is inversely proportional to in the directions of
unintended receivers. Moreover, it is shown that if the angular
distances between the AP and the unintended receivers are not
very small and the radius of the disc that includes the collabo-
rating nodes is large enough, then the average gain of the pro-
posed beamformer is approximately equal to that of the collabo-
rative conventional beamformer [1] in directions with an angular
distance far enough from any unintended receiver.

Assuming virtual unintended receivers with adjustable an-
gular locations, it is demonstrated that the null positions may
be treated as design parameters that can be tuned to form an
average beampattern with sidelobe peaks considerably smaller
than those of the average beampattern of the collaborative con-
ventional beamformer in [1]. To this end, a collaborative null-
steering beamformer is designed whose single null is optimally
positioned to minimize the maximum sidelobe of the average
beampattern while inducing a negligible degradation to the re-
ceived power at the AP.

The rest of the paper is organized as follows. Section II
presents the signal model and Section III proposes the collab-

orative null-steering beamformer. The average beampattern
of the proposed collaborative null-steering beamformer is
analyzed in Section IV and a collaborative null-steering
beamformer with optimal sidelobe properties is designed in
Section V. Simulated examples are used in Section VI to
validate the analytical results of Section IV and the efficiency
of the design approach of Section V. Concluding remarks are
given in Section VII.

Notation: Uppercase and lowercase bold letters denote ma-
trices and vectors, respectively. , and are the th
entry of a matrix, th column of a matrix, and th entry of a
vector, respectively. is the identity matrix, and

is a vector with one in the th position and zeros elsewhere.
, and denote the transpose, the conjugate, and

the Hermitian transpose, respectively. is the 2-norm of a
vector and is the absolute value. stands for the sta-

tistical expectation and denotes (element-wise) con-
vergence with probability one. stands for the th order
Bessel function of the first kind.

II. SYSTEM MODEL

The geometrical structure of the WSN cluster and the receiver
terminals are illustrated in Fig. 1 where cluster nodes are
uniformly distributed on , the disc centered at with
radius [1], [3], [19]–[22], while the cluster AP as well as

unintended receivers are located in the same plane containing
. Given a total transmission power budget, the cluster

nodes form a virtual antenna array and collaboratively transmit
a common message aiming to simultaneously achieve the
following two goals:

• G1: The received signal power at the AP is maximized.
• G2: The received signal powers at all unintended receivers

are zero.
Without any loss of generality, let be the pole and the line con-
necting to the AP be the axis of a polar coordinate system.
Denote the polar coordinates of the th cluster node as
and the polar coordinates of the AP and the unintended receivers
as and , respectively. The
following assumptions are adopted throughout this paper:

• A1: The AP as well as all unintended receivers are in the
far-field of the WSN cluster such that

(1)

• A2: The bandwidth of is narrow enough such that
is almost constant during seconds where is the

speed of an electromagnetic wave.
• A3: The effect of signal reflection or scattering is neg-

ligible. Therefore, there is no multipath fading or shad-
owing.

• A4: All cluster nodes can be perfectly synchronized both
in the carrier frequency and the initial phase.1

• A5: The th node is only aware of its own coordinates
and the directions of the receiving terminals

, while being unaware of the locations
of all other nodes as well as .

1A variety of synchronization techniques for WSNs have been developed in
the literature (see, e.g., [3], [6]–[8]).
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Fig. 1. The geometrical structure of the WSN cluster and the receiver
terminals.

Assumptions A1–A4 are common in the literature of array
processing for planar waves [23]–[26] and are frequently
adopted in the context of collaborative beamforming for WSNs
[1]–[5], [12] while A5 is due to the distributed and unsupervised
characteristics of WSNs.

Let

(2)

denote the transmitted signal from the th node where is
the modulating signal with is the th node
transmission weight, and is the carrier frequency. Using A1
and A3, the received signal at an arbitrary point in
the far-field due to the th node transmission can be represented
as

(3)

where is the distance between the th node and is
the carrier wavelength, and is the signal path
loss with denoting the path loss exponent. Note that

(4)

where the approximate equality in the second line is due to (1).
Substituting (4) in (3) and using A2 to simplify the result, it
follows that

(5)

We also obtain from (4) that

(6)

where . Due to (1),
and we have . The latter result implies that the path

losses of the signals transmitted from all cluster nodes and re-
ceived at a far-field point can be assumed to be equal [1]–[4].
Let us introduce

(7)

(8)

The total received signal at due to all cluster nodes is approx-
imately given by

(9)

As such, the total received power at can be computed as

(10)

Let and denote the maximum admissible
total transmission power. It is direct to observe that G1 and G2
can be achieved if is a solution to

(11)

Note that the optimal solution to (11) should satisfy the total
transmission power constraint with equality as, otherwise, the
so-obtained solution could be scaled up to have
while increasing the objective function. This immediately re-
sults in a contradiction to the optimality of such a solution. The
optimal solution to (11) is given by

ns (12)

where

(13)

is the orthogonal projection matrix onto the subspace spanned
by the columns of . As such, ns is in fact the orthogonal pro-
jection of onto the null space of . In the array processing lit-
erature, the solution to (11) is sometimes called the null-steering
beamformer [14]–[18]. This justifies the subscript of ns as
well as the title of this manuscript. Note that in the conventional
scenario where there is no unintended receiver, and the
solution to (11) reduces to the collaborative conventional beam-
former

(14)

III. COLLABORATIVE NULL-STEERING BEAMFORMER

Let us define

(15)

(16)
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The null-steering beamformer (12) can be alternatively
rewritten as

ns

(17)

Equation (17) shows that G1 and G2 are simultaneously
achieved subject to the total transmission power if

ns

(18)

Note from (18) that the null-steering beamformer (17) can be
implemented only when the th node knows
all for as well as all entries
of the matrix and the vector . It follows from
A5 that the th node can use its available knowledge to obtain

. However, this knowledge is
not sufficient to obtain and . In fact, it is straightforward to
verify that and depend on the locations of all the cluster
nodes. Therefore, ns can be implemented only if every node
knows the exact locations of all nodes in the cluster. Unfortu-
nately, this requirement does not conform with A5.

To get around this problem and be able to implement (an ap-
proximate) null-steering beamformer in a distributed fashion,
one needs to substitute and in (17) with other quantities
that are endowed with the following two properties:

• P1: The substituting quantities are good approximations of
their original counterparts.

• P2: Entries of the substituting quantities depend only on
the parameters commonly known at every node, that is,

.
In light of the facts that the total transmission power from the
whole network is constrained to and each collaborating node
has a limited nonrenewable energy resource, it makes practical
sense to use a large number of nodes in our collaborative beam-
forming scheme in return to a low transmission power from
each individual node. For scenarios with a large
and can serve as accurate approximations of and

, respectively. However, to be able to use and
in lieu of and , we require to verify that the

approximating quantities also satisfy P2.
Note from (15) and (16) that

(19)

(20)

Equations (19) and (20) show that and
entirely depend on . The following theorem
on asymptotic properties of is essential in our later de-
velopments.

Theorem 1: Consider as defined in (7). Assuming that
the nodes are uniformly distributed on , we have for

and that

(21)

where and . Moreover,

(22)

are independent and identically distributed (i.i.d.) random vari-
ables with the following probability density function (PDF):

(23)

We have

(24)

Moreover, it holds that

(25)

Proof: See Appendix A.
Note that as is uniformly distributed on , the fixed

bias of in the argument of in the RHS of
(22) does not have any effect on the PDF of .

Using (24) and (25) in (19) and (20), we obtain the following
result.

Corollary 1: Consider the matrix and the
vector with

(26)

(27)

We have

(28)

(29)

Corollary 1 shows that the entries of and
converge with probability one to values that exclu-

sively depend on .
As depends solely on , it follows that
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entries of both and satisfy P2. There-
fore, we propose to use

ns (30)

in lieu of ns. Note that ns accurately approximates the null-
steering beamformer ns for a large , and, in addition, can be
collaboratively implemented by nodes in a distributed fashion.
It also directly follows from (28)–(30) that

ns ns ns ns (31)

As such, the proposed collaborative null-steering beamformer
satisfies the total transmission power constraint both in average
and in the asymptotic case of large . It is worth mentioning
that a relevant approach to the above technique has been used
before to develop transmission techniques that rely on available
statistical channel state information (CSI) in lieu of an unknown
instantaneous CSI (see, e.g., [11], [27]–[30]).

Assume that the collaborative null-steering beamformer ns
is used in the WSN cluster. As follows from (10), the received
power at an arbitrary point in the far-field is given
by

(32)

where

ns

(33)

is called the far-field beampattern and is used
in (33) to stress the fact that is a random variable that
depends on the entries of . Note that in the first line of
(33) is a scaling factor used to follow the common practice to
have in the conventional case where there is
no unintended receiver and ns simplifies to (14).

As is a function of , analyzing the properties of the
average beampattern

(34)

as well as the values of at (com-
monly known as the average gain of the beamformer at

) are of significant importance. Section IV in-
vestigates the properties of and proves that as the number
of nodes grows larger, converges to for any
arbitrary realization of . This further justifies the practical im-
portance of .

IV. PROPERTIES OF THE AVERAGE BEAMPATTERN

A. Average Beampattern Expression

The main result of this section is given in the following the-
orem.

Theorem 2: Assuming that the collaborative null-steering
beamformer (30) is used, we have

(35)

where is an vector with

(36)

moreover, it holds for any arbitrary realization of that

(37)

Proof: See Appendix B.
As can be observed from (35), is comprised of two

terms: 1) The first term of that is independent of and di-
minishes to zero as grows large. This term merely determines
the floor level of the average beampattern curve; 2) The second
term that depends on , is nonnegative (see Section IV-C), and
does not converge to zero as grows large. This term deter-
mines the shape of the average beampattern curve. In particular,
the minimum and the peak points of the average beampattern
sidelobe are the roots and the maximum points of this term, re-
spectively.

Note from (37) that, when is large enough, is a
reliable approximation of for any arbitrary realization
of and both above quantities are well-approximated by the
limiting value of the second term in the RHS of (35).

The following discussions on the properties of are also
in order.

B. Average Gain at

To examine the effectiveness of ns in reducing the received
signal power at , let us obtain

(38)

Note from (26) and (36) that

(39)

Using (39) in (38) yields

(40)
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for . Equation (40) shows that , are
in fact the minimum points of the average beampattern. It can
also be observed from the latter equation that the price of using

ns in lieu of ns is to elevate the minimum levels at
from zero to . Note that, as grows large, ns

converges to ns and diminishes to zero. It is also worth
recalling that, as increases, converges to re-
gardless of the realization of . Therefore, are
not only the minimum points of for a bounded , but also
the nulls of for any arbitrary realization of the nodes’
locations in the asymptotic regime of a large .

C. Average Gain in the Direction of the AP

The fact that

(41)

can be used in (35) to obtain

(42)

Equation (42) shows that entirely depends on and
. It can be observed from (15), (16), (28), (29) as well

as the definition of in (13) that

(43)

As is the length of the orthogonal projection of
onto the column span of , we have , and,
therefore,

(44)

where the left-hand side (LHS) inequality holds with equality
if is orthogonal to the column span of and the RHS in-
equality holds with equality if is in the column span of . It
follows from (43) and (44) that . Note from
(42) that is a decreasing function of in the latter
interval and, as increases from 0 to decreases
from 1 to 0. It should be mentioned that the decrease in is
the price that may have to be paid for devising minimum points
in the directions of unintended receivers. In fact, as ns is de-
rived such that ns , the more leans
towards the column span of , the smaller the ns , and,
consequently, the more the decrease in . Note that a sim-
ilar property also holds for the null-steering beamformer in the
array processing literature for centralized antennas. We show in
Section IV-F that, under a mild condition, and
therefore suppressing the received signal power in the directions
of unintended receivers has a negligible impact on .

Note from (32) that the average received power at an arbitrary
point in the far-field is given by

(45)

It follows from (42) and (45) that the average received power at
the AP can be computed as

(46)

while, according to (40) and (45), the average received power at
the unintended receivers is equal to

(47)

As such, while the average received power at the AP increases
proportionally to the number of collaborating nodes , the av-
erage received power at the unintended receivers does not in-
crease with and is given by ; the power that would
have been received if only a single node were to transmit its
signal. Therefore, as the unintended receivers are assumed to be
in the far-field and typically far beyond the transmission range
of any individual node, the proposed collaborative null-steering
beamformer is able to guarantee the information security against
the intercepting terminals and/or increase the SINR of the un-
desired receivers through containing their interferences below
a negligible level. It is also worth mentioning that if the term

is not ignored in (6), then the resulting
average received power expression at differs from only
by a value that is proportional to ([3], Section IV-C).
This further verifies the accuracy of the equal path loss approx-
imation .

D. Average Beampattern for

Similar to ns ns also reduces to the collaborative con-
ventional beamformer (14) if there is no unintended receiver

. In such a case, it is direct to show that in (35)
boils down to

(48)

The same expression as in (48) has been obtained before in [1]
for the conventional scenario in which the AP is the only re-
ceiving terminal. As can be observed from (48), since
and there is no devised minima, there is no penalty that would
have been otherwise incurred to enforce such minima and we
have

(49)

Due to the oscillatory shape of has an infinite
number of sidelobe minima and peaks. Let , and
denote the th sidelobe minimum point of , the th side-
lobe peak point of , and the th positive root of ,
respectively. From (48) we have

(50)

and, therefore,

(51)
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Taking the derivative with respect to from (48) and equating
the result to zero, it can be shown that where

is the th positive solution to

(52)

As (52) is a univariate equation of is independent of
. Note also from (48) that, for any given is a uni-

variate function of . Therefore, , the th sidelobe
peak of , is also fixed and cannot be adjusted by changing

. It should be stressed that depends on as

(53)

Simple approximations of and can be obtained if
one uses

(54)

in (48) and simplifies the average beampattern expression to [1]

(55)

for . It can be shown from (55) that if is large
enough such that , then [1]

(56)

(57)

It also follows from (55) and (57) that [1]

(58)

Note from (58) that is the largest sidelobe peak and
is almost proportional to .

E. Average Beampattern When

When the direction of each unintended receiver coincides
with one of the minimum points of , that is,

(59)

we have that , and, consequently,
. Using the latter result in (35), it follows that

(60)

Equation (60) verifies that in the special case where (59)
holds, the average beampattern of the proposed collaborative
null-steering beamformer and that of the collaborative conven-
tional beamformer are identical throughout the whole range of

.

F. Approximate Average Beampattern for

Note from (27) that as increases, converges to
zero. In particular, when the angular distances between the AP
and the unintended receivers are not very small and is large
enough such that

(61)

then (54) can be used in (27) to obtain

(62)

for . As such, when (61) holds, we have that
. Using the latter inequality in (35), it follows

that

(63)

A direct result of (63) is that

(64)

Approximation (64) shows that if (61) holds, then ap-
proaches its maximal value. In such a case, suppressing the
power in the directions of the unintended receivers does not in-
flict a noticeable decrease in the received power at the AP.

Approximation (63) can be further simplified for those angles
that are not in a close proximity of any . In

fact, if are large enough such that

(65)

then

(66)

for . In such a case, it follows from (62) and (66)
that and

(67)

Equation (67) states that if (61) holds and is not close to
the direction of any of the unintended receivers, then
is approximately equal to the average gain of the collaborative
conventional beamformer.
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The discussion of this subsection can be summarized as
follows: Assume that (61) holds. Then, looks similar
to for all far enough from any . In
particular, and have similar sets of minimum
and peak points in the angular intervals that are not close to
any . Note that has additional minima at

and when is close to a , (63) (and not (67)) is
a reliable approximation of .

Before closing this section, it should be mentioned that if the
number of collaborating nodes is small, then there can be a
noticeable discrepancy between the average beampattern
and any particular realization of the beampattern . In
such cases, an analysis regarding the statistical properties of the
beampattern is useful. Using the same steps as in ([1], Section
IV) to carry out such an analysis, it can be shown that the sta-
tistical properties of and that of the beampattern of
the conventional beamformer [1] are quite similar. In particular,
if (61) holds, then the complementary cumulative distribution
function of the gain of the proposed beamformer at any arbi-
trary is approximately equal to [1, Eq. (47)].

V. SIDELOBE PEAK REDUCTION

In many practical scenarios, the directions of unintended re-
ceivers are unknown. In such cases, it may be more beneficial
to form a transmit beam with small sidelobe peaks to avoid
the signal impinging on the unintended receivers with a strong
power. As shown in Section IV-D (see also [1]), it is not pos-
sible to decrease the sidelobe peaks of the collaborative con-
ventional beamformer. This is an undesired property as, for in-
stance, , the most prominent sidelobe peak of ,
may be unacceptably large. In contrast to the collaborative con-
ventional beamformer, the sidelobe peaks of the proposed col-
laborative null-steering beamformer are not fixed and depend
on the locations of the devised minima . Therefore,
positioning at proper locations, or, equivalently, as-
suming virtual unintended receivers at proper directions, ns
may alternatively be used to decrease the sidelobe peaks.

Let denote the average beampattern of a collabo-
rative null-steering beamformer with a single devised minimum
at . Note that the second argument is added to to
stress the fact that is a design parameter. Let us also denote

such that

(68)

As follows from (68), selecting from guarantees that there
may be only a negligible decrease in the received power at the
AP due to the use of ns to enforce a devised minimum. In
what follows, we aim to find such that: 1) ; and 2)
Among all minimizes the largest sidelobe peak of

.
When , we have

for and . Therefore, for , the average
beampattern expression (35) reduces to

(69)

and, hence,

(70)

It is direct to show from (70) that

(71)

satisfies (68). Note from (71) that and, further,
for any we have

(72)

Let denote the largest sidelobe peak point of
for a given . The argument is used in to empha-
size the fact that the largest sidelobe peak point of the average
beampattern depends on . Moreover, note that, in contrast
to the collaborative conventional beamformer, there is no guar-
antee that the first sidelobe peak of is its largest one.
Therefore, the superscript (and not ) is used to denote the
index of the largest sidelobe peak of .

As will be shown later, it is also useful to obtain reasonable
upper bounds on both and as follows:

Upper Bound on : We have from (50) that
and and, therefore,

. If is excessively large,
say, , then , and,
hence, according to (65) and (67), . The
latter result indicates that the average gain of the collaborative
null-steering beamformer at is approximately equal to the
largest sidelobe peak of . This defies the purpose of using
the collaborative null-steering beamformer to reduce the largest
sidelobe peak. As such, we assume that . We will
verify later that is considerably less than .

Upper Bound on : Approximation (54) shows
that as increases, converges to zero
with the rate . Taking into account this fact, it can
be observed from (72) that, irrespective to
cannot be very large. In what follows, we assume that

. Our developments will later
show that the above upper bound is in fact loose.

Let us now turn our attention back to in (72). The
RHS of (72) depends on , and . Note
that
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(73)

Using (73) in (72), it immediately follows that, in general,
is a function of , and . However, the

so-obtained bounds on and suggest that, to
find and , it is only required to search in the intervals
corresponding to and ,
respectively. If , we have in the latter intervals that

(74)
Using (74) in (73), it holds for any ,
and that

(75)

Approximation (75) shows that if and and
are in the intervals of our concern, then is solely a
function of two variables and and can be equiva-
lently represented as

(76)

Approximation (76) not only represents the average beampat-
tern expression as an explicit function of and , but
also implies that, if , then and are
independent of . The latter result is of considerable practical
importance, as it shows that if , then is globally
optimal for any WSN cluster size.

Using (76) and the following two-step procedure, can
be directly determined:

1) For every , obtain as the
root of

(77)

that corresponds to the largest local maximum of
in the interval .

2) Obtain

(78)

for .
Note from (76) that all roots of (77) including

are independent from . It is also straightforward to observe
from (76) and (78) that is independent from .

Fig. 2 displays (dB) versus
for . For the sake of comparison,

is also shown with a dash-dotted line. It should also be men-
tioned that the part of the curve of that

Fig. 2. �� ����� �� ��� ��� �� (dB) versus ��� � � ������ � � for � �
�.

Fig. 3. 	��� (dB) versus � .

is plotted with a bold line corresponds to those values of
for which . We have
in other parts of the curve.

It can be observed from Fig. 2 that .
Note that if is selected, then the first and the second
sidelobe peaks of the average beampattern are equal to each
other but are larger than all other sidelobe peaks and we have

and . Although
and are independent from , it follows

from (76) that

(79)

is a function of . Note that is the decrease in the largest
sidelobe peak of the average beampattern if the collaborative
null-steering beamformer with a single devised minimum at
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is used in lieu of the collaborative conventional beamformer.
Fig. 3 displays (dB) versus . As can be observed
from Fig. 3, is a positive and increasing function of

. As such, irrespective to , the maximum sidelobe peak of
is always smaller than that of . Moreover, as

increases, the gap between the maximum sidelobe peaks of
and grows. Note from Fig. 3 that

(dB) and as increases up to 6.6 (dB).
Our results in this section can be summarized as follows:
• Assume that and ns with is used to form

a transmission beam towards the AP. Then, among all lo-
cations of the devised minimum that have negligible
impact on the received power at the AP, the optimal loca-
tion that additionally minimizes the largest sidelobe peak
of is given by

(80)

Positioning a minimum at , the first and the second side-
lobe peaks become equal and we have

(81)

Moreover, if is used, then, depending on , the re-
sulting largest sidelobe peaks can be up to 6.6 (dB) less
than the largest sidelobe peak of the collaborative conven-
tional beamformer.

VI. SIMULATIONS

Simulations are conducted to validate the analytical results of
Sections IV and V. In all examples is selected. Fig. 4
displays versus for and three different sets
of devised minima. The dotted, the dashed, and the continuous
curves in Fig. 4 show versus for with

(deg), for with
(deg), and for with
(deg), respectively. For the sake of comparison, is also
plotted versus in this figure. It can be verified from Fig. 4
that each curve has minima at the angles given by the en-
tries of its associated . Moreover, as (61) holds for all devised
minima, we have that in all cases. This corroborates
our discussion in Section IV-F.

Similar sets of curves as in Fig. 4 are displayed for
and in Figs. 5 and 6, respectively. It can be observed
from Figs. 4–6 that as increases, the minima of the
curves decrease. In particular, when , each
curve has zeros (deep nulls) at the angles specified by the en-
tries of its associated . This further verifies our discussion at
the end of Section IV-B. Note that all curves also have additional
minima at angles other than those specified by . As discussed
in Sections IV-D and IV-F this is due to the oscillatory nature of
the Bessel function.

Fig. 7 plots versus for and two different
sets of devised minima at (deg) and

Fig. 4. �� �� � (dB) versus � (deg) for � � �� and three different sets of
devised minima.

Fig. 5. �� �� � (dB) versus � (deg) for � � ��� and three different sets of
devised minima.

(deg). The curve of versus is also displayed
in this figure. Fig. 7 shows that all devised minima are enforced
at the intended locations. Note that if (deg),
then (61) holds. Therefore, and, moreover, increasing

tends to approach . This further supports
our discussion in Section IV-F. In contrast to the case where

(deg), (61) does not hold when
(deg). Fig. 7 shows that noticeably decreases in

the latter case.
Fig. 8 shows and versus for

. As can be observed from Fig. 8, the first and the
second sidelobe peaks of are equal and both are
much smaller than the first sidelobe peak of . This
validates the analytical results of Section V and confirms the
effectiveness of selecting as in (80) to reduce the sidelobe
peaks of the average beampattern.
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Fig. 6. �� �� � (dB) versus � (deg) for � � � and three different sets of
devised minima.

Fig. 7. �� �� � (dB) versus � (deg) for � � ��� and two sets of �� � � � �
�	� 
� (deg) and �� � � � � ���	� 
� (deg).

VII. CONCLUSION

A collaborative null-steering beamformer has been pro-
posed for uniformly distributed WSNs that forms the transmit
beam towards the intended AP while substantially attenu-
ating the transmit power in the directions of the unintended
receivers. In contrast to its existing counterparts in the array
processing literature, the proposed beamformer complies with
the distributed nature of WSNs and can be implemented in
the networks wherein each node is unaware of the locations
of all other nodes. The average beampattern expression of
the proposed collaborative null-steering beamformer has been
derived and its properties have been analytically studied. It
has been proven that the average gain of the proposed beam-
former is inversely proportional to the number of nodes in the
directions of unintended receivers. When the angular distances
between the AP and the unintended receivers are not very small
and the collaborating nodes are distributed on a disc with a

Fig. 8. � �� � �� � (dB) and �� �� � (dB) versus ��� � and � � ���.

large-enough radius, it has been further shown that the gain of
the proposed beamformer is approximately equal to that of the
collaborative conventional beamformer in directions with far
angular distance from any unintended receiver.

It has been demonstrated that the proposed collaborative null-
steering beamformer can be used in lieu of the collaborative
conventional beamformer to avoid average beampatterns with
excessively large sidelobe peaks. To this end, a collaborative
null-steering beamformer has been designed that positions a
single minimum point at the optimal direction such that the re-
sulting average beampattern has the smallest possible largest
sidelobe peak and, at the same time, the gain of the beamformer
does not noticeably decrease in the direction of the AP.

APPENDIX A
PROOF OF THEOREM 1

As , it is straightforward to show that (21),
(24), and (25) are correct for . The proof of (21) and (23)
for is similar to the discussion prior to [1, Eq. (10)].
First, note from (7) that

(82)

where , and is given
by (22) and can be equivalently represented as .
As all nodes are uniformly distributed on , it follows
that are i.i.d. random variables with the fol-
lowing PDF:

(83)
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Similarly, are also i.i.d. random variables and
we have

(84)

As and are i.i.d. random variables with the above PDFs,
it is direct to show that [1] are also i.i.d. random
variables with the PDF given by (23). From (21) and the fact
that are identically distributed, we have

(85)

Moreover, it follows from (23) that

(86)

where the second line is due to the change of variable
, the third line is obtained using the inte-

gration by parts, and the last line is due to the fact that
.

Finally, as are i.i.d. and
is bounded, the strong law of large numbers applies to (21) and
yields (25). This completes the proof.

APPENDIX B
PROOF OF THEOREM 2

It follows from (33) that

(87)

where

(88)

(89)

(90)

Therefore, we have

(91)

Using (21) in (88) yields

(92)

Taking an expectation operation from both sides of (92) and
using (24), it follows that

(93)

It directly follows from the definition of and (89) that

(94)

where

(95)

From (7) we have

(96)

where its last line is obtained following the same steps as in
(82). Taking an expectation operation from both sides of (96)
and using (24), we have

(97)
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It follows from (94) and (97) that

(98)

Now, let us turn our attention to obtaining . Using the
definition of in (90), it follows that

(99)

(100)

where

(101)

(102)

It is direct to observe that the RHS of (101) may be obtained by
substituting in lieu of in the RHS of (88). This similarity
between and can be exploited to derive a more concise
from of and from (92) and (93), respectively. We
have

(103)

and

(104)

or, equivalently,

(105)

Similarly, the RHS of (102) is obtained by substituting in
lieu of in the RHS of (95). Making the same substitution in
the RHSs of (96) and (97), we obtain

(106)

and

(107)

or, equivalently,

(108)

Taking the expectation operation from both sides of (100) and
using (105) and (108) yields

(109)

Substituting (93), (98), and (109) into (91), (35) follows. Let
us now turn our attention to proving (37). Equation (25) can be
used in (88) to show that

(110)

Similarly, using (25) in (95), we obtain

(111)
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It directly follows from (94) and (111) that

(112)

Finally, using (25) in (99), it can be readily shown that

Considering (87) as and using (110), (112), and (113),
(37) follows. This completes the proof.
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