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Distributed Beamforming for Spectrum-Sharing
Systems With AF Cooperative Two-Way Relaying

Ali Afana, Ali Ghrayeb, Vahid Asghari, and Sofiène Affes

Abstract—We consider in this paper distributed beamforming
for two-way cognitive radio networks in an effort to improve the
spectrum efficiency and enhance the performance of the cogni-
tive (secondary) system. In particular, we consider a spectrum
sharing system where a set of amplify-and-forward (AF) relays
are employed to help a pair of secondary transceivers in the
presence of multiple licensed (primary) users. The set of relays
participate in the beamforming process, where the optimal beam-
former weights are obtained via a linear optimization method.
For this system, we investigate the transmission protocols over
two and three time-slots. To study and compare the performance
tradeoffs between the two transmission protocols, for both of them,
we derive closed-form expressions for the cumulative distribution
function (CDF) and the moment generating function (MGF) of the
equivalent end-to-end signal-to-noise ratio (SNR) at the secondary
receiver. We analyze the performance of the proposed methods
where closed-form expressions for the user outage probability
and the average error probability are derived for independent
and identically distributed Rayleigh fading channels. Numerical
results demonstrate the efficacy of beamforming in enhancing
the secondary system performance in addition to mitigating the
interference to the primary users. In addition, our results show
that the three time-slot protocol outperforms the two time-slot
protocol in certain scenarios where it offers a good compromise
between bandwidth efficiency and system performance.

Index Terms—Cognitive radio, performance analysis, spectrum
sharing systems, two-way cooperative relaying, zero forcing beam-
forming.

I. INTRODUCTION

S CARCITY and under-utilization of the spectrum usage
necessitate exploiting the available spectrum opportunisti-

cally. Cognitive radio (CR), as an emerging solution, offers the
cognitive (secondary) users (SUs) the ability to access the li-
censed spectrum in an opportunistic manner. More specifically,
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the cognitive radio techniques allow SUs to sense the unused
spectrum (spectrum sensing), to manage the best available
spectrum to fulfill the user communication demands (spectrum
management), and to provide a fair spectrum sharing among all
coexisting users (spectrum sharing) [1]. Two main approaches
of spectrum sharing are identified in the literature [2]. One is the
underlay approach which operates over ultra-wide frequency
bands with strict restrictions on the transmitted power levels,
and the other is the overlay approach, which is based on giving
higher priority for primary users through the use of spectrum
sensing and adaptive allocation. While the underlay approach
allows multiple systems to be deployed in overlapping locations
and spectrum, in the overlay approach, the CR users try to
access the available spectrum without causing interference to
the primary users (PUs). To meet this limitation, SUs adapt their
transmit powers or make use of other degrees of freedom such
as beamforming to ensure the quality-of-service (QoS) of the
PU while enhancing their own performance [3].

Cooperative relaying emerged as a powerful solution for
improving the performance of single-antenna communication
nodes. This is gained by incorporating intermediate relay nodes,
which are used to assist transmission from the source to the
destination. There are two types of cooperative relaying net-
works according to the relaying directions known as one-way
and two-way relaying. Two-way relaying achieves higher band-
width efficiency than one-way relaying. Both techniques have
been extensively studied in the traditional non-cognitive radio
sense. The authors in [4]–[6] and references therein consider
threshold-based relaying strategies for two-way decode-
and-forward (DF) (digital network coding) cooperative com-
munication networks in an effort to mitigate the impact of
error propagation, resulting in preserving the diversity order
of the system. In [7]–[12], two-way amplify-and-forward (AF)
(analog network coding) cooperative relaying networks are
investigated where the performance of two, three and four
time-slot transmission protocols are compared and analyzed.

A common conclusion shared by all mentioned published
papers is that the two time-slot (2-TS) transmission protocol
offers an improved spectral efficiency as compared to the three
time-slot (3-TS) transmission strategy. However, such conclu-
sion ignores the fact that, for the 2-TS protocol, the number of
degrees of freedom decreases, and at the same time, the level of
interference at the relays increases. This motivates us to study
the tradeoff between the two schemes in terms of bandwidth
efficiency, relay power consumption, and interference cancella-
tion in spectrum-sharing systems.

Applying the concept of cooperative relaying in spectrum-
sharing systems has recently received considerable interest due
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to its efficacy in guaranteeing reliable transmission for sec-
ondary systems [13], [14]. In [14], a dual-hop relaying system
is studied, in which a secondary source wishes to send data to
a destination employing either DF or AF relaying strategy in
the presence of one PU. While cooperative one-way relaying
systems in cognitive radio networks (CRNs) have been heavily
studied, two-way relaying in spectrum-sharing environments
received little attention [15], [16]. Recently, in [15], outage
probability expressions for both primary and secondary systems
were derived in a cooperative two-way DF relaying system
where a SU helps two primary transceivers to communicate
with each other. In [16], the outage performance of a two-way
AF relaying system in a spectrum sharing environment was
investigated. However, in [15] and [16], an overlay spectrum-
sharing scenario is assumed.

Beamforming is an alternative emerging technology pro-
posed to alleviate the inflicted interference in spectrum-sharing
systems [17], [18]. Recently, applying beamforming in cooper-
ative CRNs has received great interest [19]–[21]. For instance,
in [19], an iterative alternating optimization-based algorithm
was developed to obtain the optimal beamforming weights to
maximize the worst signal-to-interference-noise (SINR) ratio.
Convex optimization methods are used to optimize the beam-
forming weights in an overlay cognitive system [20]. However,
these algorithms and tools suffer from high computational
complexity. Zero forcing beamforming (ZFB) is a simple sub-
optimal approach that can be practically implemented. In [21],
a ZFB approach is applied to improve the primary system per-
formance in an overlay CR scenario with multi-antenna system.
However, all these works assume cooperative one-way relaying.

Recently, the problem of sum-rate maximization under con-
straints on interference on a primary receiver for multi-antenna
cognitive two-way relay network has been investigated in [22].
In that paper, the authors have provided a structure of the
optimal relay beamformer and proposed projection-based sub-
optimal beamforming schemes such as zero-forcing reception-
orthogonally projected zero-forcing transmission. The authors
in [23] have obtained the optimal beamforming coefficients in a
cognitive two-way relaying system using iterative semidefinite
programming (SDP) and bisection search methods with the
objective of minimizing the interference at the PU with SUs’
SINR constraints. This scheme suffers from high computational
complexity and implementation difficulties. We remark that all
previous works considered only one primary user that coexists
with the secondary users. Recently, in [24], the authors have
proposed a transceiver design for an overlay cognitive two-way
relay network where a secondary multi-antenna relay helps two
PUs to communicate between themselves. Optimal precoders
using SDP methods are found with the aim of maximizing the
achievable transmission rate of the SU while maintaining the
rate requirements of the PUs for different relay strategies.

Motivated by the great potential of combining two-way
relaying and beamforming, we use in this paper collaborative
distributed ZFB in two-way AF relaying in a spectrum sharing
environment. In particular, we consider a spectrum-sharing
system comprising two secondary sources communicating with
each other in two or three consecutive time slots, a number of
secondary AF relays and a number of PUs. The available relays

that receive the signals (from the sources) are used for relaying
in the second time-slot or in the third time-slot according to
the adopted transmission protocol. Specifically, the selected
relays employ distributed ZFB to null the inflicted interference
on the PUs in the relaying phase in addition to improve the
performance of the secondary system. We also limit the interfer-
ence from the secondary sources by imposing peak constraints
on the their transmit powers in the broadcasting phase. Based
on the aforementioned facts, comparing the 2-TS and 3-TS-
based distributed beamforming techniques in spectrum-sharing
systems is important because the 3-TS protocol offers certain
advantages, which can result in improved performance of two-
way network beamforming as compared to the 2-TS protocol.
These advantages include the additional degrees of freedom in
suppressing the interference. While such a comparison may
include the four time-slot protocol, in this paper, we restrict
our investigation to the 2-TS and 3-TS protocols as these two
competing protocols are more feasible among the two-way
network beamforming techniques. To study and compare the
performance tradeoffs between the two transmission protocols,
we derive the cumulative distribution functions (CDF) and the
moment generating function (MGF) of the end-to-end equiva-
lent signal-to-noise ratio (SNR) in both protocols. Exploiting
these statistics, the outage probability and the average error
probability are derived. It is shown that the ZFB approach
has the potential of improving the secondary performance and
limiting the interference in a simple practical manner compared
to other complex approaches.

Our main contributions and differences from other works can
be summarized as follows:

• We derive closed-form expressions for the outage and av-
erage error probabilities for the two transmission protocols
(2-TS and 3-TS) and confirm the results numerically as
well as by simulations for different values of interference
temperatures Q, different number of relays and different
number of PUs.

• We derive the diversity order of the proposed system by
analyzing the asymptotic behavior of the secondary system
performance at high SNRs (high values of Q). We show
that the diversity order is (Ls −M) which indicates that
the diversity order increases linearly with increasing the
number of secondary relays Ls and and decreasing the
number of primary receivers M .

• The beamforming weights at the secondary relays are
optimized to maximize the received SNR at the secondary
receivers subject to nulling the interference inflicted on the
existing primary users. From the closed-form solutions of
the weight vectors, we propose a distributed scheme that
requires little cooperation between the two transceivers
and the relays, which leads to a reduced overhead.

• Compared to [23] where optimal beamforming weights are
obtained via iterative and semidefinite relaxation methods,
our proposed scheme exploits ZFB as a sub-optimal ap-
proach to obtain the beamforming weights using a stan-
dard linear optimization method. Moreover, we consider a
more general assumption by considering multiple existing
PUs where [23] considers only one PU.
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• Comparison between the performances of the 2-TS and
3-TS based ZFB techniques is evaluated and discussed.
It is demonstrated that the 3-TS protocol outperforms
the 2-TS protocol in terms of performance in certain
practical scenarios. We show that this occurs when the
two transceivers transmit at different powers as the 3-TS
scheme allocates more power to the received signal trans-
mitted from the transceiver with a higher power. The
advantage of the 2-TS scheme, however, is that it achieves
higher bandwidth efficiency.

• Comparison between the sum-rate performances of the
optimal beamforming scheme and the adopted sub-optimal
ZFB scheme is simulated and discussed in the numerical
results. It is demonstrated that the adopted sub-optimal
scheme presents a good performance with less complexity
and therefore offers a good compromise between complex-
ity and performance.

The rest of this paper is organized as follows. Section II
describes the system model. The transmission protocols are
presented in Section III. ZFB weight design is described in
Section IV. Section V introduces the end-to-end SNR analysis.
The outage probability analysis of the 2-TS and 3-TS protocols
is analyzed in Section VI while the average error probability
analysis is analyzed in Section VII. Numerical results and
discussions are given in Section VIII. Section IX concludes the
paper.

Throughout this paper, the Frobenius norm of the vectors are
denoted by ‖ · ‖. The Transpose and the Conjugate Transpose
operations are denoted by (·)T and (·)†, respectively. |x| means
the magnitude of a complex number x. CN (0, 1) refers to a
complex Gaussian normal random variable with zero-mean and
unit variance. Diag(x) denotes a diagonal matrix whose diag-
onal elements are the elements of x and Diag(X) is a vector
which contains the diagonal entries of the square matrix X.

II. SYSTEM AND CHANNEL MODELS

We consider a two-way relaying system that is composed of
two secondary transceivers Sj , j = 1, 2 and a set of Ls AF
secondary relays denoted by Ri for i = 1, . . . , Ls coexisting
in the same spectrum band with M primary receivers (PUs) as
shown in Fig. 1.1 All nodes are equipped with one antenna. The
two sources wish to communicate with each other in a half-
duplex way. There is no direct link between the sources and
thus they can only exchange messages via relay nodes. The SUs
are allowed to share the same frequency spectrum with the PUs
as long as the interference to the PUs is limited to a predefined
threshold. Both systems transmit simultaneously in an underlay
manner.

We consider in this work two transmission protocols, the first
protocol is the 2-TS scheme, and the second protocol is the
3-TS scheme [7]. In 2-TS, in the first time-slot (TS1), based
on the interference channel state information (CSI) from S1

to the pth PU, which suffers the most interference caused by

1Hereafter, in the secondary system, we use the term “transceiver” instead of
transmitter and receiver. Meanwhile, we use transmitter and receiver terms in
the primary system.

Fig. 1. Spectrum-sharing system with two-way AF relaying.

S1, S1 adjusts its transmit power under predefined threshold
Q1 and broadcasts its message to all relays. Simultaneously,
in TS1, based on the interference CSI from S2 to the p̄th
PU, which suffers the most interference caused by S2(the pth
and p̄th PUs could be different or the same), S2 adjusts its
transmit power under predefined threshold Q2 and broadcasts
its message to all relays.2 In the second time-slot (TS2), ZFB
is applied to null the interference from the relays Ls (that are
allowed to participate) to the PUs so that the relays are always
able to transmit without interfering with the PUs. The ZFB
processing vector, namely wzf , is optimized to maximize the
received SNRs at both transceivers while nulling the inflicted
interference to the existing PUs.

Similarly, in TS1 of the 3-TS protocol, S1 adjusts its transmit
power under a predefined threshold Q1 and broadcasts its
message to all relays. In TS2, S2 also transmits its message to
all relays under a tolerable threshold Q2. In the third time-slot
(TS3), ZFB is applied to null the interference from the Ls relays
to the PUs. Two ZFB weight vectors, namely wzf1 and wzf2 ,
are optimized so as to maximize the received SNRs at S1 and
S2, respectively, while nulling the inflicted interference to the
existing PUs.

All channel coefficients are assumed to be independent
Rayleigh flat fading and quasi-static, so that the channel gains
remain unchanged during the transmission period. Let hs1,ri ,
fs2,ri denote the channel coefficients from the sources S1

and S2 to the ith relay, respectively, which are modeled as
zero mean, circularly symmetric complex Gaussian (CSCG)
random variables with variance λs1,ri , λs2,ri . Denote hs1,p

and hs2,p̄ as the interference channel coefficients from S1

and S2 to the pth and p̄th PUs, and their channel power
gains are |hs1,p|2 and |hs2,p̄|2, which are exponentially dis-
tributed with parameter λs1,p and λs2,p̄, respectively. Let the
ZFB vector in the 2-TS protocol be wT

zf = [w1, w2, . . . , wLs
]

where Wzf = Diag(wzf ). Also, let the ZFB vectors in the
3-TS protocol be wT

zf1
= [w11, w12, . . . , w1Ls

] used to direct
the signal to S1 and wT

zf2
= [w21, w22, . . . ., w2Ls

] used to
direct the signal to S2. Let hT = [hr1,s, . . . , hrLs ,s

] and fT =
[fr1,s, . . . , frLs ,s

] be the channel vectors between the relays

2When the PUs are affected from the interference of both transceivers simul-
taneously, Q1 and Q2 could be optimized to maximize the SU performance
such that QoS at the PUs is ensured.
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and S1 and S2, respectively. Let GT
rp = [gr,p1

, . . . ,gr,pM
] be

the channel matrix between the relays and all M PUs where
gr,pm

= [gr1,pm
, . . . , grLs ,pm

].
It is assumed that S1 and S2 have perfect knowledge of

their interference channel power gains, which can be acquired
through a spectrum-band manager that mediates between the
primary and secondary users [1], [16], [21], [22], [26]–[29]. It
is also assumed that the ith relay knows the CSI for the links
(Ri − Sj). In the underlying system model, full knowledge of
the CSI h and f is assumed at S1 and S2 [10]. In practice,
this CSI can be obtained by the traditional channel training,
estimation, and feed-back mechanisms as in [25]. Also, the
transceivers are assumed to have full knowledge of the inter-
ference between relays and PUs, i.e., Grp. We acknowledge
that obtaining the interference might be a challenging problem
in practice. To this end, several protocols have been proposed
in [1], [26]–[29], which allow secondary and primary users to
collaborate and exchange information such that the interfer-
ence channel gains can be directly fed-back from the primary
receiver to the secondary network. In practice, for a primary
licensee that allows the secondary to access the spectrum band,
presumably for a fee, certain cooperation between the primary
and secondary networks can be expected [27]. Exploiting the
knowledge of the CSI at the transceivers, wzf1 and wzf2 are
designed at S1 and S2 and sent back to the relays by only
one of the transceivers via low date-rate feedback links, and
that is applicable in slow fading environments [11], [12]. We
argue later that each relay (exploiting the knowledge of the
CSI between itself and both transceivers) can calculate its own
optimal beamforming weight based only on the information that
are broadcasted to all relays by the two transceivers.3

III. TRANSMISSION PROTOCOLS

A. 2-TS Protocol

In this scheme, the sources communicate with each other
over two time-slots. In the first time slot, S1 and S2 broadcast
their signals to the relays simultaneously. The received signal at
the ith relay in TS1 can be written as

y1ri =
√

P1hs1,rixs1 +
√

P2fs2,rixs2 + n1, (1)

where P1 and P2 are the transmit powers of S1 and S2,
respectively, xs1 and xs2 are the information symbols of S1

and S2 with E[|xs1 |2] = E[|xs2 |2] = 1 and n1 denotes the zero-
mean CSCG noise at the ith relay with variance σ2 in TS1.
In the second time slot, the relays weight the received signals

3It is also assumed that the interference from the primary transmitter is
treated as additive white Gaussian noise (AWGN), which accounts for the worst
case scenario, but leads to tractable upper-bounds on the performance of the
secondary system [29], and is justified in the following cases: 1) the interference
is represented in terms of AWGN when the primary transmitter’s signal is
generated by random Gaussian codebooks [28], [29]; and 2) as a practical
scenario, consider a heterogeneous network in which the primary transmitter
is a macro base station and the secondary transceiver could be a femto base
station. When both base stations are far away from each other, which is mostly
the case, they do not impose interference on each other [42]. It is worth noting
that this assumption is widely used in the literature (see for example [16],
[21], [29]).

and forward them to the two sources. The weighted transmitted
signal in a vector form is

xR = Diag(wzf )y
1
r , (2)

where y1
r is the relays received signals in a vector form. The

received signal at S2 is given as

y2S2
=

√
P1Brf

†Diag(wzf )hxs1+
√

P2Brf
†Diag(wzf )fxs2

+Brf
†Diag(wzf )n1 + ns2 , (3)

where ns2 denotes the zero-mean CSCG noise at S2 with
variance σ2, and Br is the normalization constant designed to
ensure that the total transmit power at the relays is constrained,
and they are given as [7]

Br=

√√√√ Pr

P1‖Wzfh‖2+P2‖Wzf f‖2 +Trace
(
WzfW

†
zf

)
σ2

,

(4)
where Pr is the total transmit power at the relays.

As the two transceivers have perfect knowledge of h, f and
Grp [10], the transceivers can use this knowledge to determine
the self-interference signal. Note that the second term in (3)
depends on the signal transmitted by S2 during the first time
slot. Also, the weight vector wzf is calculated at this transceiver
[11], [12]. Furthermore, Br is known at both transceivers.
Therefore, the second term in (3) is known at S2. Hence, this
self-interference term can be removed and the received signal
at S2 becomes

y2S2
=

√
P1Brf

†Diag(wzf )hxs1 +Brf
†Diag(wzf )n1 + ns2 .

(5)

The combined received SNR at S2 in the 2-TS protocol is
given as

γ2-TS
eq =

P1B
2
r

∥∥f †Diag(zwzf )h
∥∥2

B2
r ‖f †Diag(wzf )‖2 σ2 + σ2

. (6)

Similarly, the total received SNR at S1 is obtained with the
notations interchanged. Hereafter, since the analysis is the same
for S1 and S2, we consider only S2.

B. 3-TS Protocol

As mentioned above, the communication process occurs over
three time-slots. In TS1, S1 broadcasts its signal xs1 to all
relays, then the received signal at the ith relay is given as

y1ri =
√

P1hs1,rixs1 + n1, (7)

In TS2, S2 broadcasts its signal xs2 to all relays, then the
received signal at the ith relay is

y2ri =
√

P2fs2,rixs2 + n2, (8)

where n2 denotes zero-mean CSCG noise at the ith relay
with variance σ2 during TS2. In TS3, the relays combine
linearly the weighted received signals from TS1 and TS2 and
forward the sum to both transceivers, e.g., the ith relay forwards
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(wi,2y
1
ri
+ wi,1y

2
ri
) to both S1 and S2. As such the received

signal at S2 in a vector form

y3S2
=

√
P2B̄r

√
(1− α)f †Diag(wzf1)fxs2

+
√

P1B̄r

√
αf †Diag(wzf2)hxs1

+ B̄r

√
αf †Diag(wzf2)n1

+ B̄r

√
(1− α)f †Diag(wzf1)n2 + ns2 , (9)

where B̄r is the normalization constant designed to ensure that
the total transmit power at the relays is constrained and they are
given as [7]

B̄r =

√
Pr

Z
, (10)

where Z=Trace((1−α)(wzf1h
†hw†

zf1))+Trace(α(wzf2f
†fw†

zf2)) +

σ2 and α is the power allocation parameter used to allocate
the available power at the relays with 0 < α < 1.4 As S1

and S2 know the CSI and their transmitted signal, the self-
interference term (first term) can be perfectly subtracted before
further processing of the received signals. After removing the
negligible noise term (fourth term), (9) reduces to5

y3S2
=

√
P1B̄r

√
αf †Diag(wzf2)hxs1

+ B̄r

√
αf †Diag(wzf2)n2 + ns2 . (11)

Then the total received SNR at S2 in the 3-TS protocol is
given as

γ3-TS
eq =

P1B̄
2
rα

∥∥f †Diag(wzf2)h
∥∥2

B̄2
rα ‖f †Diag(wzf2)‖2 σ2 + σ2

. (12)

IV. ZFB WEIGHTS DESIGN

Our objective here is to maximize the received SNRs at the
two transceivers to enhance the performance of the secondary
system while limiting the interference reflected on the PUs.
Due to its simplicity and low complexity, ZFB is applied as an
alternative to the optimal scheme. To be able to apply ZFB, the
general assumption that the number of relays must be greater
than the number of primary receivers is considered, hence,
Ls > M .

A. 2-TS Protocol

In this subsection, we derive the ZFB vector wzf in the 2-TS
protocol. As we use a suboptimal approach, we first derive the
two beamforming vectors wzf1 and wzf2 that are designed to
direct the desired signals to S1 and S2, respectively. Then we
combine them in a one beamforming vector as will be shown
below.

4α is chosen to satisfy the minimum average error probability at the two
secondary transceivers. Since the optimization problem is very complicated to
get an optimal solution in closed-form, it can be solved numerically. When α is
optimized, the secondary system performance should perform better than when
it is fixed (more details in the Section VII).

5wzf1 is designed to direct the signal to S1 as will be explained in the
next section. The term ‖f†Diag(wzf1)‖2 results in a negligible gain. This
is verified through simulations.

According to the ZFB principles, the transmit weight vectors
wzf1 , wzf2 are chosen to lie in the orthogonal space of G†

rp

such that |g†
r,pi

wzf1 | = 0 and |g†
r,pi

wzf2 | = 0, ∀ i = 1, ..,M

and |h†wzf1 |, |f †wzf2 | are maximized. So the problem formu-
lation for finding the optimal weight vectors is divided into two
parts as follows.

max
wzf1

|h†wzf1 |

s.t. : |g†
r,pi

wzf1 | = 0, ∀ i = 1, ..,M ‖wzf1‖ = 1. (13)

max
wzf2

|f †wzf2 |

s.t. : |g†
r,pi

wzf2 | = 0, ∀ i = 1, ..,M ‖wzf2‖ = 1. (14)

By applying a standard Lagrangian multiplier method, the
weight vectors that satisfy the above optimization methods are
given as

wzf1 =
Ξ⊥h

‖Ξ⊥h‖
, (15)

and

wzf2 =
Ξ⊥f

‖Ξ⊥f‖
, (16)

where Ξ⊥ = (I−Grp(G
†
rpGrp)

−1G†
rp) is the projection

idempotent matrix with rank (Ls −M). The rank of the matrix
is approved from the following Lemma in the projection matrix
theory [30].

Lemma 1: Let G be an n× k matrix with full column rank
k, k < n, then the nonzero matrix G(G†G)−1G† is an idem-
potent symmetric matrix and its orthogonal projection matrix
is I−G(G†G)−1G† with rank (n− k) [30, Theorems 4.21,
4.22].

It can be observed from the rank of the matrix that the
cooperative ZBF beamformer becomes effective only when
Ls > M . Otherwise, the interference from secondary relays to
primary receivers cannot be mitigated. The case when Ls ≤ M
can be handled using conventional schemes by limiting the in-
terference via transmit power control methods, e.g., [15], [16].

In the 2-TS protocol, since each relay knows the CSI of
the channels between itself and both secondary sources and
between itself and the primary receivers, the ZFB matrix wzf is
made up by the diagonal of the product of the two ZFB vectors
wzf1 (used to direct the signal to S1) and wzf2 (used to direct
the signal to S2) which is represented as [8], [9] and references
therein

wzf = Diag
(
wzf1w

T
zf2

)
. (17)

Proof: Let HUL = [h, f ] with dimension space Ls × 2,
and HDL = [f ,h]T with dimension space 2× Ls. First, con-
struct the subspace Ξ⊥ such as Ξ⊥=(I−Grp(G

†
rpGrp)

−1G†
rp)

with Ls × Ls dimension. Second, project the CR channels to
the space Ξ⊥, utilizing that Ξ⊥ is idempotent matrix matrix,
i.e., Ξ⊥ = (Ξ⊥)2, then HDLΞ

⊥HUL = HDLΞ
⊥Ξ⊥HUL.

Third, perform ZFB to the CRs within the subspace orthog-
onal to the PU channel with the power constraint Wzf =
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(HDLΞ
⊥)T

[
1

‖Ξ⊥h‖ 0

0 1
‖Ξ⊥f‖

]
(Ξ⊥HUL)

T . This results in

Wzf = Diag(wzf1w
T
zf2

). �
It is worth noting that the weight matrix is diagonal, which

guarantees that the relays transmit only their own received
signal and there is no data exchange among the relays. Thus,
the algorithm works in a distributed manner.

B. 3-TS Protocol

The ZFB vectors in 3-TS protocol are simply chosen to be
wzf1 and wzf2 given by (15) and (16) in the first and second
time-slot, respectively. In the third time-slot, the weighted
received signals are combined linearly with certain power al-
location values as described previously.

Remark: By having a closer look at the closed-form so-
lutions of the optimal weight vectors in (15) and (16), we
propose a distributed implementation instead of the centralized
one mentioned before. From (15) and (16), to design wzf1

and wzf2 at the relays, each relay needs the global constants
(1/‖Ξ⊥h‖) and (1/‖Ξ⊥f‖) and also the interference matrix,
i.e. Ξ⊥, which are broadcasted by either S1 or S2. Upon
receiving the broadcast messages from S1 or S2, each ith relay
node determines the optimal w1i and w2i weights from its local
information of hri,s1 and fri,s2 . As such, the beamforming
computation is calculated in a distributed manner.

V. END-TO-END SNR ANALYSIS

A. First Order Statistics of γ2-TS
eq

In the underlay approach of this model, the secondary source
can utilize the PU’s spectrum as long as the interference it
generates at the PUs remains below the interference threshold
Qj , ∀ j = 1, 2. For that reason, Pj is constrained as Pj =
min{(Qj/|hsj ,p|2), Psj} where Psj is the maximum transmis-
sion power of Sj[18]. So the received SNR γsj ,ri at the ith relay
is given as

γsj ,ri =

⎧⎪⎨
⎪⎩

Psj
|fsj,ri |

2

σ2 , Psj <
Qj

|hsj,p
|2

Qj |fsj,ri |
2

σ2|hsj,p
|2 , Psj ≥ Qj

|hsj,p
|2
, (18)

where σ2 is the noise variance at each relay. We focus on
the analysis of the second case (Psj ≥ (Qj/|hsj ,p|2)) as it
is more effective and restrictive than the first case (Psj <
(Qj/|hsj ,p|2)). It determines the effect of the peak power
constraint in the first time-slot on the performance of the
secondary system while the system in the first case becomes
a non-cognitive system. So the transmit powers P1 and P2 are
constrained as P1 ≤ Q1/|hs1,p|2 and P2 ≤ Q2/|hs2,p|2.

Substituting (4), and (17) into (6), and after simple manipu-
lations, the equivalent SNR at S2 can be written in the general
form of γ2-TS

eq = γ1,2TS γ3,2TS/(γ1,2TS + γ2,2TS + γ3,2TS +
1) as:

γ2-TS
eq =

P1

σ2 ‖Ξ⊥h‖2 Pr

σ2 ‖Ξ⊥f‖2
P1

σ2 ‖Ξ⊥h‖2 + P2

σ2 ‖Ξ⊥f‖2 + Pr

σ2 ‖Ξ⊥f‖2 + 1
. (19)

Considering the peak constraint on the received power at the
most affected primary user, we substitute P1 and P2 into (19).
Then γ2-TS

eq becomes

γ2-TS
eq =

γq1
‖Ξ⊥h‖2

|hs1,p|2 γr‖Ξ
⊥f‖2

γq1
‖Ξ⊥h‖2

|hs1,p|2 + γq2
‖Ξ⊥f‖2

|hs2,p|2 + γr‖Ξ⊥f‖2 + 1

, (20)

where γr = Pr/σ
2, γq1 = Q1/σ

2 and γq2 = Q2/σ
2.

We first find the statistics of the new random variables
defined above. Then, we compute the CDF and MGF of γ2-TS

eq ,
which will be used in the the derivation of the performance
metrics. To continue, let γ1,2TS = γq1(‖Ξ⊥h‖2/|hs1,p|2),
γ2,2TS = γq2(‖Ξ⊥f‖2/|hs2,p|2) and γ3,2TS = γr‖Ξ⊥f‖2.

Lemma 2 (PDFs of γ1,2TS and γ2,2TS): Let each entry
of h and f be i.i.d. ∼ CN (0, 1), then ‖Ξ⊥h‖2 and ‖Ξ⊥f‖2
are chi squared random variables with 2(Ls −M) degrees
of freedom. Given that |hs1,p|2 and |hs2,p̄|2 are exponential
random variables, the PDFs of fγ1,2TS

(γ) and fγ2,2TS
(γ) are

given respectively by [13]:

fγi,2TS
(γ) =

λsi,p(Ls −M + 1)γLs−M

γLs−M
qi

(
γ
γqi

+ λsi,p

)Ls−M+2
, ∀ i = 1, 2.

(21)
Lemma 3 (CDF of γ3,2TS): Let each entry of f be i.i.d.

∼ CN (0, 1), then ‖Ξ⊥f‖2 is a chi squared random variable
with 2(Ls −M) degrees of freedom [31, Theorem 2 Ch.1]. The
CDF of γ3,2TS can be expressed as

Fγ3,2TS
(γ) = 1−

Γ
(
Ls −M, γ

γr

)
(Ls −M − 1)!

, γ ≥ 0. (22)

B. First Order Statistics of γ3-TS
eq

Substituting (10), (15) and (16) into (12), and after simple
manipulations, the equivalent SNR at S2 can be written in the
general form of γ3-TS

eq = γ1,3TS γ3,3TS/(γ1,3TS + γ2,3TS +
γ3,3TS + 1) as:

γ3-TS
eq =

P1

σ2 ‖h‖2αPr

σ2 ‖Ξ⊥f‖2
P1

σ2 ‖h‖2 + P2

σ2 ‖f‖2 + αPr

σ2 ‖Ξ⊥f‖2 + 1
. (23)

Again, considering the peak constraint on the received power at
the most affected primary user, γ3-TS

eq becomes

γ3-TS
eq =

γq1
‖h‖2

|hs1,p|2 γr1‖Ξ
⊥f‖2

γq1
‖h‖2

|hs1,p|2 + γq2
‖f‖2

|hs2,p|2 + γr1‖Ξ⊥f‖2 + 1
, (24)

where γr1 = αPr/σ
2.

Remark: We notice in (23) that the 3-TS protocol results in a
different received SNRs at S1 and S2, depending on the power
allocation parameter α. However, for the 2-TS protocol, equal
power allocation is used since the sum of the two signals at the
relay(s) is weighted by the same vector. This gives an advantage
to the 3-TS protocol since it benefits from allocating different
transmit powers to the sources.
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To proceed, let γ1,3TS = γq1(‖h‖2/|hs1,p|2), γ2,3TS =
γq2(‖f‖2/|hs2,p|2) and γ3,3TS = γr1‖Ξ⊥f‖2.

Lemma 3 (PDFs of γ1,3TS and γ2,3TS): Let each entry of h
and f be i.i.d. CN (0, 1), then ‖h‖2 and ‖f‖2 are chi squared
random variables with 2Ls degrees of freedom, Given that
|hs1,p|2 and |hs2,p|2 are exponential random variables, the PDFs
of fγ1,3TS

(γ) and fγ2,3TS
(γ) are given respectively by [13]:

fγi,3TS
(γ) =

λsi,pLs(γ)
Ls−1

(γqi)
Ls

(
γ
γqi

+ λsi,p

)Ls+1
, i = 1, 2. (25)

According to Lemma 3, the CDF of γ3,3TS is

Fγ3,3TS
(γ) = 1−

Γ
(
Ls −M, γ

γr1

)
(Ls −M − 1)!

, γ ≥ 0. (26)

In the subsequent sections, we consider the statistics of
the random variable γiTS

eq defined by γiTS
eq = (γ1,iTS γ3,iTS/

(γ1,iTS + γ2,iTS + γ3,iTS)), i = 2, 3, which can be consid-
ered as a tractable tight upper bound to the actual equivalent
SNR.

VI. OUTAGE PROBABILITY ANALYSIS

In this section, we derive the outage probability for both
2-TS and 3-TS. As previously mentioned, the interference CSI
between S1 and the pth PU, i.e., hs1,p is unknown at S2, and
hs2,p̄ is also unknown at S1. Due to this randomness, the end-
to-end received SNR at each transceiver in (22) and (26) is still
a random variable and there is no guarantee of zero-outage.

A. 2-TS Protocol

An outage event occurs when γ2-TS
eq falls below a certain

threshold γth, which can be characterized mathematically as
follows.

P 2-TS
out = Pr

(
γ2-TS
eq < γth

)
= Fγ2−TS

eq
(γth). (27)

Theorem 1: A closed-form expression for the outage prob-
ability in the 2-TS protocol for a two-way AF relaying in
spectrum-sharing system is given by

P 2-TS
out =1− b̂

Ls−M−1∑
m=0

m∑
k=0

k∑
r=0

(γth)
k−r

m!

(
m

k

)(
k

r

)
â

r
2

× e−
γth
γr

2
−2Ls+2M−2−r]

2

√
2π

√
âγth
γr

(
γth
γr

)m− 3r
2

×
Ls−M∑
p=0

(
Ls −M

p

)
γLs−M−p
th

N∑
s=0

1

s!

×
(
−γ2

th

γr
+

γthâ

γr

)s
2Ls−M+1(γth + a)μ

2πΓ(Ls −M + 2)

×G2,6
6,4

(
4γ2

r (γth+â)2

(âγth)2

∣∣∣∣Δ(2,1−αo),Δ(1,1−br)

Δ(2,(Ls+1)−αo),Δ(1,1−ar)

)
,

(28)

where â = λs2,pγq2 , b̂ = (Ls −M + 1)Γ(r + Ls −M + 1),
ar = ((1/4)− (1/4)(−2Ls + 2M − 2− r), (3/4)− (1/4)

(−2Ls + 2M − 2− r)), br=((1/2)+(1/4)(1− r), (1/2)−
(1/4)(1− r), (1/4)(1− r), (−1/4)(1− r)), μo = p−
k + (3r/2)− s− Ls +M − 3/2, αo = μo + Ls −M + 2,
Δ(i, a) = (a/i), (a+ 1/i), . . . , (a− i+ 1/i) and G.,.

.,.(.|.) is
the Meijer’s G-function defined in [34].

Proof: To derive the outage probability of γ2-TS
eq , con-

ditioned on γ1,2TS and γ2,2TS , we first express the CDF of
γ2-TS
eq as

Fγ2-TS
eq

(γth) =

∞∫
0

Pr

(
γ3,2TS <

γth(y + z)

y − γth

)

×fγ1,2TS
(y)fγ2,2TS

(z)dydz. (29)

Using variable change, w = y − γth, and after some algebraic
manipulations, we have

Fγ2-TS
eq

(γth) = 1−
∞∫
0

Pr

(
γ3,2TS ≥ γth(w + γth + z)

w

)

×fγ1,2TS
(w + γth)fγ2,2TS

(z)dwdz. (30)

Substituting in the complementary of the CDF of γ3,2TS and
the PDF of γ1,2TS from (22) and (21), respectively, we obtain

F̄γ3,2TS
(γ)=

1

(Ls−M−1)!
Γ

(
Ls −M,

γth(w + γth + z)

γrw

)
,

(31)

where F̄γ3,2TS
(γ) denotes the complementary of the CDF of

γ3,2TS . Before proceeding in the derivation, (31) is expressed
in another mathematical form using [34, eq. 8.352.2] and [34,
eq. 1.111] as follows.

F̄γ3,2TS
(γ) = e−

γth(w+γth+z)

γrw

Ls−M−1∑
m=0

m∑
k=0

k∑
r=0

1

m!

(
m

k

)

×
(
k

r

)(
γth
γr

)m−k+r (
γ2
th

wγr

)k−r ( z

w

)r

. (32)

Then substituting (32) into (30) and after some mathematical
manipulations, we have

Fγ2-TS
eq

(γth) = 1−
Ls−M−1∑

m=0

m∑
k=0

k∑
r=0

1

m!

(
γth
γr

)m−k (
m

k

)

×
(
k

r

)
e−

γth
γr

∞∫
0

(
γ2
th

wγr

)k−r

fγ1,2TS
(w+γth)

×

⎛
⎝ ∞∫

0

(
γthz

wγr

)r

e−
zγth
wγr fγ2,2TS

(z)dz

⎞
⎠

︸ ︷︷ ︸
I1

dw.

(33)

The inner integral I1 can be solved using the variable change,
u = z + λs2,pγq2 , leading to

I1=

∞∫
λs2,pγq2

âLs

(
γth
wγr

)r

e−
γth
wγr

(u−â) (u−â)r+Ls−M

(u)Ls−M+2
du, (34)
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Using [34, eq. 3.383.4], I1 results in

I1= â
r
2 b̂

(
γth
wγr

)−r/2

e
âγth
2wγr W−2Ls+2M−2−r

2 , 1−r
2

(
âγth
wγr

)
, (35)

where W.,.(.) is the Whittaker function [34]. Returning to the
main expression in (33), after substituting the results in (35)
with further simplifications, we obtain

Fγ2-TS
eq

(γth) = 1−
Ls−M−1∑

m=0

m∑
k=0

k∑
r=0

(γth)
k−r

m!

(
m

k

)(
k

r

)
b̂

× e−
γth
γr

(
γth
γr1

)m− 3r
2

â
r
2

×
∞∫
0

(
1

w

)k− 3r
2

e−
γ2
th

wγr
+

âγth
2wγr

×W−2Ls+2M−2−r
2 , 1−r

2

(
âγth
wγr

)
× fγ1,2TS

(w + γth)dw. (36)

To the best of our knowledge, the integral I2 in (36) has no
closed-form solution. To solve I2, we first represent the expo-
nential term using Taylor series representation [34, eq. 1.211.1],
apply the binomial theorem [34, eq. 1.11.1] for the term
(w + γth)

Ls−M and express the Whittaker function in terms of
Meijer’s G-function using [34, eq. 9.34.9] and [34, eq. 9.31.2],
which after many manipulations results in

Fγ2-TS
eq

(γth) = 1−
Ls−M−1∑

m=0

m∑
k=0

k∑
r=0

(γth)
k−r

m!

(
m

k

)(
k

r

)

× b̂â
r
2 e−

γth
γr

2
−2Ls+2M−2−r

2

√
2π

(
γth
γr

)m− 3r
2

×
√

âγth
γr

Ls−M∑
p=0

(
Ls −M

p

)
γLs−M−p
th

N∑
s=0

1

s!

×
(
−γ2

th

γr
+

γthâ

γr

)s

×
∞∫
0

(
wp−k+ 3r

2 −s−1/2

(w + γth + â)Ls−M+2

×
(
G0,4

4,2

(
4γ2

rw
2

(âγth)2

∣∣∣∣1−br

1−ar

)))
dw. (37)

The integral in (37) is solved using [36, eq. 2.24.2.4, vol. 3],
then after few simplifications, the outage probability in the
2-TS protocol is expressed as in (28), thus completing the
proof. �

We remark that the Taylor series in the outage expression is
expressed in the form of a finite sum where only six terms are
needed in the summation over index s to obtain the accuracy
to the degree of seven decimals as will be explained in the
numerical results. It is worth noting that the Meijer G-functions
are easily implemented in many mathematical softwares such
as Mathematica and Matlab.

B. 3-TS Protocol

Similarly, for this scheme, an outage event occurs when
γ3-TS
eq falls below a certain threshold γth. As such, P 3-TS

out can
be expressed as

P 3-TS
out = Pr

(
γ3-TS
eq < γth

)
= Fγ3-TS

eq
(γth). (38)

Theorem 2: A closed-form expression for the outage prob-
ability in the 3-TS protocol for a two-way AF relaying based
distributed ZFB in spectrum-sharing system is given by

P 3-TS
out =1− b

Ls−M−1∑
m=0

m∑
k=0

k∑
r=0

(γth)
k−r

m!

(
m

k

)(
k

r

)
a

r+1
2

× e
− γth

γr1
2

−2Ls−r
2

√
2π

(
γth
γr1

)m− 3r+1
2

×
Ls−1∑
p=0

(
Ls−1

p

)
γLs−1−p
th

N∑
s=0

1

s!

(
−γ2

th+γtha

γr1

)s

× 2Ls(γth + a)μ1

2πΓ(Ls + 1)

×G2,6
6,4

(
4γ2

r1
(γth+a)2

(aγth)2

∣∣∣Δ(2,1−α1),Δ(1,1−br1 )

Δ(2,(Ls+1)−α1),Δ(1,1−ar1
)

)
,

(39)

where μ1=p−k+(3r/2)−s−Ls−(1/2) and α1=μ1+Ls+
1, ar1 = ((1/4)− (1/4)(−2Ls − r), (3/4)− (1/4)(−2Ls −
r)), br1 = ((1/2) + (1/4)(1− r), (1/2)− (1/4)(1− r),
(1/4)(1− r), (−1/4)(1− r)).

Proof: To derive the outage probability expression in the
3-TS protocol, we follow the same steps as performed in the
case of the 2-TS protocol. This yields the expression in (40).
Although we have multiple summations, all of them are finite
and easy to compute numerically. �

C. Asymptotic Outage Probability

Although the expressions in (28) and (40) enable numerical
evaluation of the exact system outage performance, they do not
provide useful insights on the effect of key parameters (e.g.,
the number of secondary relays, the number of PUs, etc.) that
influence the system performance. To get more insights, we
now introduce asymptotic outage probability expressions, i.e.,
γqi → ∞, for the 2-TS and 3-TS transmission protocols. The
obtained asymptotic expressions are useful in analyzing the
average error probability at high SNR in the next section.

Corollary 1: The asymptotic outage probability at the sec-
ondary source in the 2-TS and 3-TS protocols for a two-way
AF relaying based distributed ZFB in spectrum-sharing system
is given by

P τ-TS
out∞ ≈

(
(Ls −M + 1)γLs−M+1

th

λLs−M+1
si,p

+
cγLs−M

th

Γ(Ls −M + 1)

)

×
(

1

γqi

)Ls−M

+ o
(
γ2
th

)
, (40)
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where τ = 2, 3, i = 1, 2, respectively, c = (αγr)
Ls−M+2

where α = 1 for 2-TS and o(γ2
th) stands for higher-order terms.

Proof: The technique developed in [41] can be used to
find asymptotic behavior of P τ-TS

out at high SNR. First, we
find the approximate CDFs of the total received SNR at Sj ,
γτ−TS
eq . Recalling (20) and (24), we make use of the infinite

series representation of the incomplete Gamma function as in
[34, Eq. 8.354.2]

Γ(θ, x) = Γ(θ)−
∞∑

n=0

(−1)nxθ+n

n!(θ + n)
. (41)

which leads to

Γ(θ, x)
x→0≈ Γ(θ)− x

θ
. (42)

Therefore, using the mutual independence between hs1,ri ,
fs2,ri (i = 1, . . . , Ls), hs1,p, hs2,p and gri,pm

, (m = 1, . . . ,
M) and by using Taylor’s series, the approximate CDF of
γτ−TS
eq , denoted by F τ-TS

γeq∞
(γ), can be written as

F τ-TS
γeq∞

(γ)≈
(
γLs−M+1

λLs−M+1
si,p

+
cγLs−M

Γ(Ls −M + 1)

)(
1

γqi

)Ls−M

.

(43)
Finally, by computing F τ-TS

γeq∞
(γ)|γ=γth

, we get (40), thus com-
pletes the proof.

It can be observed from (40) that the diversity order is
Ls −M . This means that the diversity gain increases linearly
with the number of the secondary relays. Furthermore, as the
number of the primary receivers increases, the outage prob-
ability increases. Meanwhile, as the value of Q increases,
the outage probability decreases. We remark that M spatial
degrees of freedom of the Ls single antenna relays are used for
interference suppression as a condition to perform ZFB, which
leads to (Ls −M) diversity gain.

VII. AVERAGE ERROR PROBABILITY ANALYSIS

In this section, we derive expressions for the end-to-end of
average error probability performance for both 2-TS and 3-TS.

A. 2-TS Protocol

Theorem 3: A closed-form expression for the average error
probability in the 2-TS protocol for a two-way AF relaying
based distributed ZFB in spectrum-sharing system is given by

P 2-TS
e =

1

2
− 1

2
√
π
δ̄

M−Ls−2∑
m=0

1

cmm!

(
1

A

)v+ 3
4

×G4,1
4,4

(
b2

A

∣∣∣∣−v− 1
4 ,0,

1
2 ,−v+ 1

4

Ls−M,0,0,−Ls+M

)
, (44)

where δ̄ = δ(M − Ls − 2)!, δ = 4(Ls −M + 1)γ
−(Ls−M)
r /

cLs−M+1(Γ(Ls−M))2 , v = 2Ls − 2M +m+ (3/4), A = 1(for
binary phase shift keying (BPSK) modulation), c = λs1,pγq1
and b = 2/

√
γr.

Proof: To obtain the average error probability for the
secondary system, the MGF based approach will be used in this
paper. Let (γ2-TS

eq )−1 = γ−1
1,2TS + (γ2,2TS/γ1,2TSγ3,2TS) +

γ−1
3,2TS = X1 +X2 +X3 where X1 = γ−1

1,2TS , X2 = γ2,2TS/

γ1,2TSγ3,2TS and X3 = γ−1
3,2TS . As (γ2TS

eq )−1 is the sum of
three independent random variables, the MGF of the (γ2-TS

eq )−1,
denoted by φ(γ2-TS

eq )−1(s), results simply from the product of
the three MGFs of X1, X2, and X3, denoted as φX1

(s), φX2
(s)

and φX3
(s), respectively. The MGF of random variable X with

PDF fX(x) is defined as

φX(s) =

∞∫
0

e−sxfX(x)dx, (45)

We first need to find the PDFs of X1, X2 and X3. For the PDF
of X1, we derive it in the same way we did in (25), which after
a few mathematical manipulations, is obtained as [13]

fX1
(x) =

λs1,p(Ls −M + 1)

(γq1)
Ls−M+1

(
λs1,px+ 1

γq1

)Ls−M+2
. (46)

Without loss of generality, we assume here that both of the
sources have the same maximum transmission powers, i.e.,
Ps1 = Ps2 . Considering that X2 = 1/γr‖Ξ⊥h‖2, which is an
inverse chi-square random variable with 2(Ls −M) degrees of
freedom, the PDF of X2 is given as

fX2
(x) =

e
−1
γrx

(γr)Ls−M (Ls −M − 1)!xLs−M+1
. (47)

Similarly, the PDF of X3 is the PDF of the inverse chi-square
random variable, which also leads to the following expression

fX3
(x) =

e
−1
γrx

(γr)Ls−M (Ls −M − 1)!xLs−M+1
. (48)

Substituting (46) into (45), and using [34, 3.382.4], the MGF
for X1 is

φX1
(s) =

Ls −M + 1

cLs−M+1
sLs−M+1e

s
cΓ

(
−Ls +M − 1,

s

c

)
.

(49)

Similarly, substituting (47) and (48) into (45), and using [34,
3.471.9], the MGFs for X2 and X3 are

φXj
(s) =

2(γr)
−(Ls−M)

Γ(Ls −M)
(γrs)

Ls−M
2 KLs−M

(
2

√
s

γr

)
,

(50)

where Kv(.) is the modified Bessel function [34]. Now, we can
easily find the MGF of (γ2-TS

eq )−1 as the product of φX1
(s),

φX2
(s) and φX3

(s), which is given as

φ(γ2-TS
eq )−1(s) = δs2Ls−2M+1e

s
cΓ

(
−Ls +M − 1,

s

c

)

×
(
KLs−M

(
2

√
s

γr

))2

. (51)
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By representing the incomplete Gama function into another
mathematical form using [34, 3.352.2], (51) simplifies to

φ(γ2-TS
eq )−1(s) = δ(M − Ls − 2)!

M−Ls−2∑
m=0

s2Ls−2M+1+m

cmm!

×
(
KLs−M

(
2

√
s

γr

))2

. (52)

We utilize the following formula to compute the MGF of the
γ2-TS
eq exploiting the MGF of (γ2-TS

eq )−1 [35, Eq. 18]

φγ2-TS
eq

(s) = 1− 2
√
s

∞∫
0

J1(2β
√
s)φ(γ2-TS

eq )
−1(β2)dβ, (53)

where J1(.) is the Bessel function of the first kind [34].
Despite seeming difficult, this formula can still be used to
study the performance of the average error probability based on
the relationship that exists between the MGF and the symbol
error rate [33]. Utilizing the MGF-based form, the average
error probability of coherent binary signaling is given by
[33, Eq. 9.15]

P 2-TS
e =

1

π

π/2∫
0

φγ2-TS
eq

(
A

sin2 ϕ

)
dϕ, (54)

where A = 1 for BPSK. Substituting (53) into (54) and after
some manipulations, the formula of the error probability be-
comes

P 2-TS
e =

1

2
− 2

π

∞∫
0

φ(γ2-TS
eq )−1(β2)

π
2∫

0

√
A

sin2 ϕ

×J1

(√
4β2A

sin2 ϕ

)
dϕdβ. (55)

The inner integral of (55) can be solved by using the variable
change and equation [36, eq. 2.12.4.15] which results in the
value (sin(2β

√
A)/2β). So the error probability can be evalu-

ated according to the following formula

P 2-TS
e =

1

2
− 2

π

∞∫
0

φ(γ2-TS
eq )

−1(β2)
sin(2β

√
A)

2β
dβ

︸ ︷︷ ︸
I4

, (56)

where φ(γ2-TS
eq )−1 is the MGF of the inverse SNR given in (52).

We put I4 in the following format

I4(ν, μ, a1, λ1, λ2, b1, b2) =

∞∫
0

sνJμ(a
√
s)

×Kλ1
(b1

√
s)Kλ2

(b2
√
s)ds. (57)

To continue, we make use of the identity

sin(2β
√
A) =

√
πβ

√
AJ 1

2

(√
4β2

√
A
)
. (58)

By incorporating (52) and (58) into (56), the format of I4 in
(56) becomes as in (58), that is,

I4 =

∞∫
0

δ(M − Ls − 2)!

M−Ls−2∑
m=0

β2(2Ls−2M+m+ 3
4 )

cmm!

×
√
π
√
A

2
J 1

2

(√
4β2

√
A
)(

KLs−M

(
2

√
β2

γr

))2

dβ. (59)

By solving I4 in (60) using [37], a closed-form expression for
the BER in the 2-TS protocol is shown as in (44). This completes
the proof. �

B. 3-TS Protocol

Following the same steps used in the 2-TS protocol, the MGF
based approach is used to obtain the average error probability
expression in the 3-TS protocol. Let (γ3-TS

eq )−1 = γ−1
1,3TS +

(γ2,3TS/γ1,3TSγ3,3TS) + γ−1
3,3TS = Y1 + Y2 + Y3 where Y1 =

γ−1
1,2TS , Y2 = γ2,2TS/γ1,2TSγ3,2TS and Y3 = γ−1

3,2TS . As
(γ3-TS

eq )−1 is the sum of three independent random variables,
the MGF of the (γ3-TS

eq )−1, denoted by φ(γ3-TS
eq )−1(s), is

φ(γ3-TS
eq )−1(s) = Y1 × Y2 × Y3. For the PDF of Y1, we derive

it in the same way as applied in (46), which after a few
mathematical manipulations, is obtained as [13]

fY1
(x) =

λs1,pLs

(γq1)
Ls

(
λs1,px+ 1

γq1

)Ls+1
. (60)

Considering the same maximum power constraints, Y2 =
‖f‖2/γr1‖Ξ⊥f‖2‖h‖2, which is a ratio between a chi-square
random variable and a product of two chi-square random vari-
ables. The PDF of Y2 is obtained using [38, eq. 22] which after
few mathematical manipulations results in

fY2
(x) =

(
1

γr1

) (2Ls−M−1)
2 x

−(2Ls−M+1)
2

(Γ(Ls))
2 Γ(Ls −M)

×G1,2
2,1

(
γr1x

∣∣∣∣ (1+M)
2 ,

(1−M)
2

(4Ls−M−1)
2

)
. (61)

The PDF of Y3 is the same as the one in (48). Substituting (60)
into (45), and using [34, 3.382.4], the MGF for Y1 is

φY1
(s) =

Ls

cLs
sLse

s
cΓ

(
Ls,

s

c

)
. (62)

Similarly, substituting (61) into (45) and representing the expo-
nential part in terms of Meiger’s G-function using [39, eq. 11]
as e−sx = G1,0

0,1(sx|−0 ), φY2
(s) is expressed as

φY2
(s) =

∞∫
0

(γr1)
−( 2Ls−M−1

2 ) x
−(2Ls−M+1)

2

(Γ(Ls))
2 Γ(Ls −M)

×G1,2
2,1

(
γr1x

∣∣∣ (1+M)
2 ,(

1−M)
2

(4Ls−M−1)
2

)
G1,0

0,1

(
sx

∣∣∣−
0

)
dx. (63)
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Knowing that the integral of the product of two Meijer’s
G-functions and a power term results also in a Meijer’s
G-function [39, eq. 21], φY2

(s) simplifies to

φY2
(s)=

1

(Γ(Ls))
2 Γ(Ls−M)

G3,1
1,3

(
s

γr1

∣∣∣1−Ls

0,Ls−M,Ls

)
. (64)

The MGF for Y3 is the same as the one in (50). We can now
easily find the MGF φ(γ3-TS

eq )−1 as

φ(γ3-TS
eq )

−1(s) = δ1s
3Ls−M

2 e
s
cΓ

(
Ls,

s

c

)
KLs−M

(
2

√
s

γr1

)

×G3,1
1,3

(
s

γr1

∣∣∣1−Ls

0,Ls−M,Ls

)
, (65)

where δ1 = (2Ls(γr1)
−(Ls−M/2)/cLs(Γ(Ls))

2). Again, utiliz-
ing the relationship that exists between the MGF and symbol
error rate [33], the average error probability in the 3-TS proto-
col can be evaluated according to the following formula

P 3-TS
e =

1

2
− 2

π

∞∫
0

φ(γ3TS
eq )

−1(β2)
sin(2β

√
A)

2β
dβ, (66)

where φ(γ3−TS
eq )−1 is the MGF of the inverse SNR given in

(65). Unfortunately, the integral in (66) is difficult to evaluate.
Therefore, we tackle it using the Gauss-Laguerre quadrature
numerical integration as follows [40]:

P 3-TS
e ≈ 1

2
− 2

π

J∑
j=1

wjf(A, xj), (67)

where J is the number of interpolation points, xj are the jth
zeros of the Laguerre polynomial Ln(x), wj are the associated
weights given by

wj =
(n!)2xj

(n+ 1)2Ln+1(xj)2
(68)

and

f(A, xj) = exφ(γ3TS
eq )

−1(x2)
sin(2x

√
A)

2x
. (69)

The approximate BER expression in (67) gives high accuracy
results, which will be clear in the subsequent numerical results
section.

Remark: Using φ(γ2-TS
eq )−1(s) and φ(γ3-TS

eq )−1(s) derived in
(51) and (65) respectively, and with the help of the formula in
(53), the average error probability can be evaluated for different
modulation schemes such as M-ary phase shift keying (M-PSK)
and M-ary quadrature amplitude modulation (M-QAM) [33].
For example, the average symbol error rate (SER) for M-PSK
can be obtained as [34, Eq. 9.15]

P τ-TS
e =

1

π

(M−1)π/M∫
0

φγτ-TS
eq

(
A

sin2 ϕ

)
dϕ, (70)

where A = sin2(π/M) and τ = 2, 3. Furthermore, (55) can be
upper bounded by a simple form as in [34, Eq. 9.27]

P τ-TS
e ≤ (1− 1/M)φγτ-TS

eq
(A) (71)

The equivalent average bit error probability for M-ary PSK
assuming Gray coding is well approximated as [34, (5.2.62)]

P τ-TS
b ≈ P τ-TS

e

log2 M
. (72)

C. Asymptotic Average Bit Error Probability

To gain key insights, we consider the average bit error
probability at high SNR.

Corollary 2: The asymptotic average bit error probability at
the secondary source Sj in the 2-TS and 3-TS protocols for
a two-way AF relaying based distributed ZFB in spectrum-
sharing system is obtained by

P τ-TS
e ≈ a

√
b

2
√
π

(
Γ
(
Ls −M + 3

2

)
cλLs−M+1

si,p bLs−M+ 3
2

+
cΓ

(
Ls−M+ 1

2

)
Γ(Ls−M+1)bLs−M+1

2

)(
1

γqi

)Ls−M

, (73)

where τ = 2, 3, i = 1, 2, c = (αγr)
Ls−M+2 where α = 1 for

2-TS and (a, b) values depend on the modulation scheme.
Proof: The asymptotic error probability can be given

through

P τ-TS
e∞ ≈ a

√
b

2
√
π

∞∫
0

e−bu

√
u
F τ-TS
γeq∞

(u)du. (74)

where F τ-TS
γeq∞

(u) is the approximate CDF as γqi → ∞. Uti-
lizing (43) combined with Corollary 1 and after doing the
integration, we get (73). This concludes the proof. �

Similar to the asymptotic outage probability case, (73) sug-
gests the same diversity gain Ls −M with similar conclusions.
We remark that this diversity gain is achieved in the regime
where there is a constraint on Q, not on Psj . However, if Psj

is limited, an error floor will occur and hence the diversity gain
approaches zero at high SNRs.

D. Power Allocation at the Relays

In this section, the design of the power allocation parameter
α at the secondary relays is investigated. The objective is to pick
α such that the minimum average error probability at the two
secondary transceivers is achieved. Specifically, α is chosen
according to the optimization problem:

αopt = argmin
α

(
P 3-TS,S2
e (α) + P 3-TS,S1

e (α)
)

subject to 0 < α < 1 (75)

where P 3-TS,S2
e and P 3-TS,S1

e are the average error probability
at S2 and S1, respectively and can be obtained from (56).
Obtaining a closed-form expression for the solution to (75) is
not easy. As an alternative, it can be solved numerically as we
will show later. Obviously the sum average error probability
is minimized when αopt is used, and this yields better perfor-
mance compared to the case when α is fixed.
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Fig. 2. Outage probability vs. Q1 (dB) for the 2-TS protocol for Ls =
6, 8, 10 and M = 1, 2.

VIII. NUMERICAL RESULTS AND DISCUSSION

In this section, we investigate the performance of the derived
results through numerical examples and simulations. Unless
otherwise stated, the distance between the sources equals d. Let
dSj ,Ri

denote the distance from Sj to the ith relay, and hence,
dS1,Ri

= d− dS2,Ri
. We assume that the relays are located on

a straight line vertical to the distance between the two sources,
however, the results and conclusions of this paper extend to any
setting. Furthermore, the path loss exponents is set to four. The
channel mean power for the links from PUs to the secondary

nodes is defined by the locations, as λri,p = (
√

d2x + d2y)
−4,

where (dx, dy) are the coordinates of the PUs. We also assume
that λs1,p = λs2,p̄ = 1. It is also assumed that the range of
the power transmission of S1 and S2 is limited according to
the peak power constraints that were mentioned in the system
model.

A. Effects of ZFB, Number of Relays and Number of PUs on
the Performance

Figs. 2 and 3 show the outage performance of S2 versus
Q1 for Ls = 6, 8, 10, M = 1, 2 at γth = 1 dB, γq2 = −2 dB,
γr = 10 dB and γr1 = 5 dB. As observed from the figures, as
the value of Q1 increases, the outage performance improves
substantially. Moreover, by increasing the number of relays
with ZFB, we observe significant improvements in the outage
performance. This is attributed to the combined cooperative
diversity and beamforming which enhances the total received
SNR at the transceiver. Clearly, as the number of existing PUs
increases from one to two, the outage performance becomes
worse because the secondary sources have to adapt their trans-
mit powers according to the most affected PU.

In Fig. 4, we simulate the outage system performance using
the exact received SNR and the approximate received SNR in
(9), assuming the negligible noise term. It is observed from the
figure that there is a small gap between both curves at low Q
values due to neglecting the noise term. As Q increases, the

Fig. 3. Outage Probability vs. Q1 (dB) for the 3-TS protocol for Ls =
6, 8, 10 and M = 2, 3.

Fig. 4. Outage probability of 3-TS protocol using the exact and approximate
received SNR.

curves almost overlap. To conclude, neglecting the noise term
does not affect the system performance.

Figs. 5 and 6 illustrate the average bit error probability
performance versus Q1 = Q2 = Q for Ls = 6, 8, 10 and M =
1, 2, 3, γr = γr1 = 5 dB at γth = 1 dB. It is obvious that the
average bit error probability performance improves substan-
tially as the number of relays increases and Q becomes looser.
With beamforming and increasing the number of relays, the
gain becomes more. The larger the number of existing PUs, the
worse the error probability, as expected.

In Fig. 7, we simulate the average bit error probability for
both approximate and exact received SNRs. It is clear that there
is a small gap between the two curves, which confirms the
validity of the assumption used in the paper.

B. Comparison Between 2-TS and 3-TS

For a fair comparison, we fix the total transmit power at the
relays, i.e., Pr and the total available power at both transceivers,
Ps1 + Ps2 . Hence, for the 4-TS protocol, we use Pr/2 in the
second and fourth time slots to keep the total power the same.
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Fig. 5. Average bit error probability vs. Q (dB) for the 2-TS protocol for
Ls = 6, 8, 10 and M = 1, 2.

Fig. 6. Average bit error probability vs. Q (dB) for the 3-TS protocol for
Ls = 6, 8, 10 and M = 2, 3.

Fig. 7. Average bit error probability of 3-TS protocol using the exact and
approximate received SNR.

In Fig. 8, the outage probability for the 2-TS, 3-TS and
4-TS protocols is investigated. We use γr1 = 0.5γr, Ls = 7, 8,
M = 4 at two different SNR thresholds γth = 1, 3 dB. It can be
readily seen that the outage performance in the 3-TS protocol
performs better than that of the 2-TS and 4-TS protocols for

Fig. 8. Outage probability vs. Q (dB) for the 2-TS, 3-TS and 4-TS protocols,
with Ls = 8 and M = 4.

Fig. 9. Average bit error probability vs. Q (dB) for the 2-TS with (QPSK)
3-TS with (8-PSK) and 4-TS with (16-PSK) protocols, Ls = 8 and M = 4.

the same values of Ls, M and γth. This offers a good trade-off
between the system performance and bandwidth efficiency. It is
also clear from the figure that as γth goes from one to three, the
curves shift up implying worse performance.

For a fair comparison in the average bit error probability
curves, we use two different modulation schemes to maintain
the same spectral efficiency. We use quadrature phase shift
keying (QPSK), 8-PSK and 16-PSK modulation schemes for
the 2-TS, 3-TS and 4-TS transmission protocols, respectively.
Fig. 9 shows a plot for the average bit error probability versus
Q2 of both 2-TS, 3-TS and 4-TS for varying values of Q1, Ls =
6,8 and M = 4. The analytical results are based on (72). For the
3-TS protocol, we use the optimum values of α according to
(75) obtained only by simulations which minimize the average
error probability at both transceivers. We notice that when
the values of Q2 increases from 0 to 10, the 3-TS protocol
performs better than the 2-TS protocol when Q1 = 1.8Q2 and
also when Q1 = 0.5Q2. This is due to the reason that, in
3-TS, the different transmit powers at transceivers S1 and
S2 lead to a different power weightining at the relays. The
transceiver with a higher transmit power will be weighted more
at the relay than the transceiver with a lower transmit power.
This is not the case in the 2-TS and 4-TS where the received



AFANA et al.: SPECTRUM-SHARING SYSTEMS WITH AF COOPERATIVE TWO-WAY RELAYING 3193

Fig. 10. Asymptotic average bit error probability vs. Q2 (dB) for the 2-TS
and 3-TS protocols, Ls = 10 and M = 2, 3 using BPSK.

Fig. 11. Power allocation parameter α vs. Q2 (dB) for the 3-TS protocol,
Ls = 6 and M = 3. and Pr = 10 dB.

signals from both transceivers are weighted equally and thus
can not make use of the different transmit power to improve
the system performance [7]. This highlights a good advantage
that the 3-TS is effective when the transmit powers at the
transceivers are different. This is a practical scenario since in
underly cognitive radio networks, the transceivers’ powers vary,
depending on the interference constraints.

Fig. 10 shows the asymptotic average bit error probability
performance of the 2-TS and 3-TS protocol versus Q assuming
γr = 10, Ls = 10, M = 2, 3 at γth = 1 dBs. We see a good
match between the asymptotic results based on (73) and the
simulation results. Observations and conclusions similar to the
ones made for the other figures hold for this figure. Based on
the analytical results in (73), it is clear that the diversity gain of
both schemes for the given parameters is the same.

In Fig. 11, we plot the optimal values of α for the 3-TS
protocol as function of Q2 for different values of Q1. As
explained in the analytical section, the value of α increases or
decreases with Q1. The signal broadcasted by the transceiver
with a higher transmit power will be weighted more at the
relays than the signal broadcasted by the transceiver with lower
transmit power. Meanwhile, in the 2-TS protocol, the received

Fig. 12. Average sum rate comparison between the proposed ZFB scheme and
the optimal beamforming scheme, with Ls = 4 and M = 1, 2.

signals at the relays are weighted equally. Note that the curves
are not matching at high values of Q2 because one curve results
from simulations whereas the other is obtained analytically at
high values of Q2. However, they have the same trend.

C. Comparison Between the Sub-optimal ZFB Beamforming
Scheme and the Optimal Beamforming Scheme

In Fig. 12, the performance of the achievable sum-rate for
the 2-TS and 3-TS protocols employing the ZFB scheme is
compared (the achievable sum-rate curve is generated by simu-
lations, where over 50,000 channel realizations were generated
and averaged) with the one that employed optimal beamforming
scheme, e.g., [22]. The optimization problem for the system in
[22] is to maximize the sum-rate of both transceivers subject to
power constraints. The system is a two-way multi-antenna relay
channel that transmits over two time-slots. For comparison, we
assume that the total power available at the relay(s) is the same,
the number of antennas in [22] is equal to the number of relays
Ls = 4 in our system and M = 1, 2. It is observed that there is a
1-dB gap between the performance of the adopted ZFB scheme
and the optimal beamforming scheme. However, our proposed
scheme offers a good performance at lower complexity in
addition to being practically implementable if compared to the
optimal scheme. The figure also clarifies that 2-TS is better
than the 3-TS protocol in terms of bandwidth efficiency, which
is expected. Although adding one more time-slot in the 3-TS
protocol enhances the performance in terms of the outage and
error probabilities, the bandwidth efficiency of 2-TS protocol is
still better.

To compare the complexity between the proposed scheme
and the optimal scheme, we note that the ZFB vector has a small
fixed complexity, requiring only one matrix inversion Ξ⊥ and
one matrix multiplication to obtain the beamforming weights.
However, in the optimal scheme in [22], an iterative numer-
ical optimization technique is used which converges within
20–30 iterations. Within each of these iterations, a number of
matrix multiplications, matrix inversions, and vector 2-norm
calculations for each user are needed to find the solution.
So the computational complexity of the two schemes is not
comparable.
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IX. CONCLUSION

We investigated a cooperative two-way AF relaying system
model in a spectrum sharing environment. The proposed system
limits the interference to the primary users using a distributed
ZFB approach and peak interference power constraints. The
beamforming weights were optimized to maximize the received
SNR at both secondary transceivers and to null the interference
inflicted on the primary users. We considered two transmission
protocols over two time-slots and three time-slots. It is often
expected that the three time-slot protocol is subordinate to the
two time-slot protocol due to the loss in the data rate. Such
a comparison, however, ignores the fact the 3-TS protocol
benefits from one additional degree of freedom per relay. To
clarify the potential advantages of 3-TS and 2-TS transmission
protocols and study the performance tradeoffs of both of them
in spectrum sharing systems, we investigated the performance
of the secondary system by deriving closed-form expressions
for the outage and average error probabilities. We compared
the performance of the two protocols in terms of the outage
probability, average error probability and average sum-rate.
When compared to the performance of the optimal beamform-
ing scheme, the adopted sub-optimal ZFB scheme performance
is somehow close to that of the optimal one in terms of the
average sum-rate performance. Our numerical results showed
that the distributed ZFB method enhances the outage and error
probabilities by increasing the number of participating relays in
addition to limiting interference to the PUs. In addition, our
results showed that the 3-TS protocol outperforms the 2-TS
protocol in certain scenarios, which was clear in the outage and
error probabilities performance. As a result, the 3-TS protocol
offers a good compromise between bandwidth efficiency and
system performance. As an extension, an adaptive 2-TS/3-
TS system could be adopted to enhance both the bandwidth
efficiency and reliability.
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