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Abstract—This letter investigates spectrum-sharing cognitive
amplify-and-forward relay networks employing the maximum
ratio transmission/maximum ratio combining scheme at the
multiple-antenna source–destination pair. It derives closed-form
expressions for the ergodic capacity and for the symbol error
rate lower bound and its asymptotic value when considering
Nakagami-m fading and interference constraints on N primary
receivers.

Index Terms—Amplify-and-forward, two-hop relaying, multi-
ple antennas, cognitive radio.

I. INTRODUCTION

DUE to its strong potential in increasing transmission
coverage and link reliability, relaying has garnered a

wide interest from the wireless communication community
[1], [2]. Knowing that multiple antennas provide enormous
performance gains in wireless systems, the idea of multiple-
input multiple-output (MIMO) relaying is being investigated
for emergent wireless system standards [2]. Nevertheless, ter-
minals in such standards, will, inevitably, face a complex co-
channel interference environment due to the highly aggressive
frequency reuse. In this respect, cognitive spectrum sharing has
arisen as a promising technique to combat spectrum scarcity
in wireless relay networks. A common approach to cognitive
spectrum sharing is the underlay model where the transmit
power at the secondary users must be managed under a peak
interference temperature to guarantee reliable communication
between the primary users [3].

Aiming at understanding the performance limit of cogni-
tive relay networks, significant contributions investigating such
systems in various practical scenarios have appeared. As far
as the analysis of single-antenna systems is concerned, some
insightful results can be found in [4]–[8], where outage proba-
bility (OP) and symbol error rate expressions where derived for
decode-and-forward (DF) and amplify-and-forward (AF) relay-
ing in Nakagami-m fading. Recently, [9] and [10] investigated
the OP of cognitive spectrum sharing from the viewpoint of
multiple-input multiple-output (MIMO) in the primary and/or
the secondary networks. Although, due to the prominence of
multiple antennas in future cognitive networks, the findings in
[9] and [10] are instructional, closed-form expressions were
obtained therein only for integer Nakagami-m fading, thereby
reducing their scope.
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Here, we examine cognitive spectrum-sharing relay networks
with multiple antennas at the secondary source-destination pair
and provide new results for the ergodic capacity and error
rate analysis in the presence of multiple primary users. It is
noteworthy that such analysis has not thus far been addressed
in Nakagami-m fading.

II. SYSTEM AND CHANNEL MODELS

Consider a two-hop spectrum-sharing relay network consist-
ing of one secondary user (SU) source S, one SU destination D,
and N primary user (PU) receivers PUl(l = 1, . . . , N). The SU
source and destination are equipped with Ns and Nd antennas,
respectively, communicate through a single-antenna SU relay
R. Multiple-antenna source-destination pair and single-antenna
relay systems are relevant for multipoint-to multipoint commu-
nications and cooperative virtual MIMO systems.

Let1 the Nv×1 vectors hi, (v, i)∈{(s, 1), (d, 2)} denote the
channels for the source-relay and the relay-destination links,
respectively, with entries following independent identically
distributed (i.i.d) Nakagami-m random variables (RVs) with
parameters (mi, λi), i={1, 2}. Let also x denote the source
symbol satisfying E{x x∗}=Ps, and nu, u∈{r, d} denote the
Nv×1 AWGN at the relay and destination nodes, respectively,
with E{nu n∗

u}=N0I, where I is the identity matrix. Then the
received signals at both the relay and the destination are given
by yr=h†

1w1x+nr, and yd=w̃†
2[h2yr+nd], where, for MRT/

MRC, w1 is set to match the first hop, i.e., w1=h1/‖h1‖ and
w̃2=ww2 where w is the power constraint factor and w2 is set
to match the second hop, i.e., w2=h2/‖h2‖. The relay mode is
non-regenerative with a variable gain in which the amplification
factor is determined by the instantaneous channel statistics
of the source-relay link. Hence w2 can be computed as w2=

Pr/(Psh
†
1h1), where Pr=E{‖w̃2yr‖2}. In CRNs, the interfer-

ence from the SU should be strictly constrained below a max-
imum tolerable interference level Ip at the PU receiver. Let the
NS×1 vector g1j denote the channel form the SU source to the
jth PU with coefficients g1jl, l=1, . . . , Ns, and g2j , j=1, . . . ,
N denote the channel coefficient form the relay to the jth PU, all
following i.i.d. Nakagami-m RVs with parameters (mIi , λIi),
i={1, 2}. Then, by considering MRC at the PU receivers, the
SUs should adaptively adjust their transmit powers2 as Ps≤Ip/
|g1j∗|2 and Pr≤Ip/|g2j∗|2, where |g1j∗|=maxj=1,...,N{|g1j |}
and |g2j∗ |=maxj=1,...,N |g2j |. Therefore, the end-to-end SNR
of the SU S → R → D link can be expressed as

γ =
γrγd

γr + γd
, (1)

where γr = γ̄|h1|2
|g1j∗ |2 , γd = γ̄|h2|2

|g2j∗ |2 , and γ̄ =
Ip
N0

.

1Bold lower case letters denote vectors and lower case letters denote scalars.
E{x} stands for the expectation of the random variable x, ∗ denotes the
conjugate operator and, † denotes the conjugate transpose operator.

2When S and R are not power-limited terminals, the transmit power con-
straint depends on interference only.
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III. ERGODIC CAPACITY

The ergodic capacity is an important performance metric
since it quantifies the maximum achievable transmission rate
under which errors are recoverable.

Lemma 1: Let FA be the Lauricella hypergeometric function
of the first kind [11], then the ergodic capacity of CRNs em-
ploying AF relaying over Nakagami-m fading is given as in (2),
shown at the bottom of the page, where

∑̃
=
∑

Ω(n,NsmI1
),Ω(p,mI2

),

Ω(n,mi) = {(n1, . . . , nmi
) : nk ≥ 0;

∑mi

k=1 nk = n}, δn =∑NvmIi
−1

l=0 lnl+1, Π=
{
1,

m1λI1

mI1
λ1(n+1)γ̄ ,

m2λI2

mI2
λ2(p+1)γ̄ )

}
, Ξ1={1,

1, δn+NsmI1 , δp+mI2 ; 2, 1−Nsm1, 1−Ndm2}, Ξ2= {1 +
Nsm1; 1, δn+NsmI1+Nsm1, δp+mI2,2,1+Nsm1, 1−Ndm2},
Ξ3 = {1 + Ndm2; 1, δp +mI2 +Ndm2, δn +NsmI1 ; 2, 1 +
Ndm2, 1−Nsm1}, Ξ4={1+Nsm1+Ndm2; 1, δn+NsmI1+
Nsm1, δp +mI2 +Ndm2; 2, 1 +Nsm1, 1 +Ndm2}.

Proof: Resorting to the moment generating function
(MGF)-based approach proposed in [12], the ergodic capacity
can be computed as

C =
1

2
E [log2(1 + γ)]

=
1

2 ln(2)

∫ ∞

0

1− e−s

s
Mγ−1ds, (3)

where Mγ−1(s) = M−1
γr

(s)M−1
γd

(s) is the MGF of the end-to-
end SNR. In its turn, the per-hop SNR MGF Mγ−1

X
(s), X ∈

{r, d} is derived as

M
γ−1
X

(s) =

∫ ∞

0

∫ ∞

0

e
−s

γ̄z
y f|hi|2 (y)f|gij∗ |2 (z) dy dz, (4)

where f|hi|2 and f|gij∗ |2 denote the probability density functions
(PDFs) of |hi|2 and |gij∗ |2 and are, respectively, given by

f|hi|2 (x) =

(
mi
λi

)Numi

Γ(Numi)
xNumi−1e

−mi
λi

x
, (5)

with (u, i) = {(s, 1), (d, 2)}, and

f|gij∗ |(x) =
N

(
mIi
λIi

)NvmIi
xNvmIi

−1e
−

mIi
λIi

x

Γ
(
NvmIi

)
×

(
1−

Γ(NvmIi ,
mIi
λIi

x)

Γ
(
NvmIi

) )N−1

, (6)

with (v, i) = {(s, 1), (r, 2)} and Nr = 1. By performing the
necessary substitutions in (4) along with [13, Eqs. (3.351.3) and
(9.211.4)], we obtain

M
γ−1
X

(s) =

N

(
mIi
λIi

)NvmIi

Γ(Numi)Γ
(
NvmIi

) N−1∑
n=0

(N − 1

n

)
(−1)n

×
∑

Ω(n,Numi)

τnΩΨ

(
δn+NvmIi , 1−Numi,

miλIi

mIiλi(n+ 1)γ̄
s

)
,

(7)

where X ∈ {r, d}, (i, u, v) = {(1, s, s), (2, r, d)} with Nr=1,
Ψ(a; b; z) denotes the Triconomi confluent hypergeometric
function [13, Eq. (9.211.1)] and τnΩ is given by

τnΩ =
n!Γ
(
δn+NvmIi

)
Γ
(
δn+NvmIi+Numi

)
(
mIi
λIi

(n+1)

)δn+NvmIi∏NvmIi
k=1

nk!
∏NvmIi

−1

p=0

⎛⎝
(

mIi
λIi

)p

p!

⎞⎠−np+1
.

(8)
Subsequently, the ergodic capacity is derived by replacing (7)
into (3) as

C =

N2

(
mI1
λI1

)mI1
(

mI2
λI2

)mI2

2 ln(2)Γ(Nsm1)Γ(NsmI1 )Γ(Ndm2)Γ
(
mI2

)
×

N−1∑
n,p=0

(N − 1

n

)(N − 1

p

)
(−1)n+p

∑̃
τnΩτpΩIn,p, (9)

where

In,p=

∞∫
0

1−e−s

s
Ψ

(
δn+NsmI1 ,1−Nsm1,

m1λI1

mI1λ1(n+1)γ̄
s

)
×Ψ

(
δp +mI2 , 1−Ndm2,

m2λI2

mI2λ2(p+ 1)γ̄
s

)
ds. (10)

To resolve (10), we invoke the expansion formulas of Ψ in
terms of the confluent hypergeometric function 1F1 in [13,
Eq. (9.210.1)] and the fact that (1− e−s)/s = e−s

1F1(1; 2; s).
Subsequently, we can obtain the following expression of In,p

In,p =
Γ(Nsm1)Γ(Ndm2)

Γ(Nsm1 + δn +NsmI1 )Γ
(
Ndm2 + δp +mI2

)
×
∫ ∞

0

e−s
1F1(1; 2; s)

×
(

1F1

(
δn +NsmI1 ; 1−Nsm1;

m1λI1

mI1λ1(n+ 1)γ̄
s

)
+ ρn1F1

(
Nsm1 + δn +NsmI1 ; 1 +Nsm1;

m1λI1

mI1λ1(n+ 1)γ̄
s

))
×
(

1F1

(
δp +mI2 ; 1−Ndm2;

m2λI2

mI2λ2(p+ 1)γ̄
s

)
+ ρp1F1

(
Ndm2 + δp, 1 +mI2 ; 1 +Ndm2;

m2λI2

mI2λ2(p+ 1)γ̄
s

))
ds, (11)

where ρk =
Γ(−mi)

(
miλIi

mIi
λi(k+1)γ̄

)mi

B(δk+NvmIi
,mi)

with (k, i, v) ∈ {(n, 1, s),
(p, 2, r)}. Now from (9) and (11), the desired result can be
obtained by appealing to [11]

F
(r)
A

(
a; b1, . . . , br; c1, . . . , cr;

x1

ν
, . . . ,

xr

ν

)
=

νa

Γ(a)

×
∫ ∞

0

e−νtta−1

(
r∏

k=1

1F1(bk; ck, xkt)

)
dt; where Re(a)>0. (12)

C=
N2

2 ln(2)

N−1∑
n,p=0

(−1)n+p

(
N−1

n

)(
N−1

p

)̃∑ n!p!Γ(δn)Γ(δp)
(∏NsmI1

−1

t=0

(
1
t!

)nt+1
)(∏mI2

−1

l=0

(
1
l!

)nl+1
)

∏NsmI1
i=1 ni!

∏mI2
i=1 pi!B (δn, NsmI1)B (δp,mI2) (n+1)δn+NsmI1 (p+1)δp+mI2

× (FA(Ξ1,Π) + ρnΓ(1 +Nsm1)FA(Ξ2,Π) + ρpΓ(1 +Ndm2)FA(Ξ3,Π) + ρnρpΓ (1 +Nsm1 +Ndm2) FA(Ξ4,Π)) (2)
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IV. SYMBOL ERROR RATE

The SER is expressed in terms of the cumulative density
function (CDF) of γ denoted by Fγ as [14]

Pe =
a
√
b

2
√
π

∫ ∞

0

e−by

√
y

Fγ(y) dy, (13)

where a, b > 0 are modulation-specific constants. Unfortu-
nately, for the MIMO CRN under study, Fγ is untractable in
closed-form hampering the obtainment of (13). To simplify the
analysis, an upper bound on γ is used as follows [6]

γ < γup = min(γr, γd). (14)

Lemma 2: Let Φ2 be the confluent hypergeometric function
of the second kind [11], then the average SER of CRNs em-
ploying AF relays over Nakagami-m is lower bounded as in
(15),3 shown at the bottom of the page, where (16), shown at
the bottom of the page.

Proof: The CDF of γup can be written as

Fγup (x) = Fγr (x) + Fγd (x)− Fγr (x)Fγd (x), (17)

where from (5) and (6) and appealing to [13, Eq. (3.194.1)], we
obtain FγX

, X ∈ {r, d} as

FγX (x) =

N−1∑
n=0

∑
Ω
(
n,NvmIi

)Θn

(
miλIi

mIi
λi(n+1)γ̄

x

)Numi

Numi

× 2F1

(
Numi, Numi +NvmIi , Numi + 1,

−miλIix

mIiλi(n+1)γ̄

)
,

(18)

where Θn=
N(N−1

n )(−1)nτn
Ω

(
mIi
λIi

)NvmIi

B(Numi,NvmIi
)Γ(δn+NvmIi

+Numi)
, and 2F1 is the

Gauss hypergeometric function [13, Eq. (9.100)].

3Note that the obtainment of (15) inflicts the quantities NsmI1 and mI2 to
be integer valued. However, this does not limit the scope of the paper since we
already show in [12] that only interference power and number affect the system
performance.

Substituting (17) and (18) into (13) and resorting to the key
transformation

2F1(a, b, b− n, z)

= (1− z)−a−n

n∑
k=0

(−n)k(b− a− n)k

(b− n)k

(
z

1 + z

)k

, (19)

the desired result is obtained after applying [13, Eq. (9.211.1)]
and recognizing the fact that
Φ2(a; b1, . . . , bK ; z;x1, . . . , xK , y)

=
1

Γ(a)

∫ ∞

0

exp(−yt)ta−1(1 + t)a−z−1

K∏
k=1

(1 + xkt)
−bkdt.

(20)

A. Asymptotic SER

Corollary 1: The asymptotic SER of multiple antenna CRNs
with AF relaying in (15), derived as γ̄ → ∞, is

P l∞
e =

aN

2
√
π

⎡⎢⎣N−1∑
n=0

∑
Ω(n,NsmI1

)

Σ̃(1, s, s)Γ( 1
2
+Nsm1)(

bmI1
λ1(n+1)

2m1λI1

)Nsm1
γ̄−Nsm1

+

N−1∑
n=0

∑
Ω(n,mI2 )

×
Σ̃(2, r, d)Nr=1Γ(

1
2
+Ndm2)(

bmI2
λ2(n+1)

2m2λI2

)Ndm2
γ̄−Ndm2

−N

N−1∑
n,p=0

∑̃
× Σ̃(1, s, s)Σ̃(2, r, d)Nr=1(

bmI1
λ1(n+1)

m1λI1

)Nsm1
(

bmI2
λ2(p+1)

m2λI2

)Ndm2

× Γ

(
1

2
+Nsm1 +Ndm2

)
γ̄−Nsm1−Ndm2

⎤⎥⎦,
(21)

P l
e=

a
√
bN

2
√
2π

⎡⎣N−1∑
n=0

∑
Ω(n,NsmI1

)

NsmI1
−1∑

l=0

Σ(1, s, s)√
m1λI1

mI1
λ1(n+1)γ̄

Γ

(
l+

1

2
+Nsm1

)
Ψ

(
Nsm1+

1

2
+l,

3

2
,
bmI1λ1(n+1)γ̄

2m1λI1

)

+

N−1∑
n=0

∑
Ω(n,mI2 )

mI2
−1∑

l=0

Σ(2, r, d)Nr=1√
m2λI2

mI2
λ2(n+1)γ̄

Γ

(
l+

1

2
+Ndm2

)
Ψ

(
Ndm2+

1

2
+l,

3

2
,
bmI2λ2(n+1)γ̄

2m2λI2

)

−N

N−1∑
n,p=0

∑̃NsmI1
−1∑

t=0

mI2
−1∑

l=0

Σ(1, s, s)(
m1λI1

mI1
λ1(n+1)γ̄

)−t−Nsm1

Σ(2, r, d)Nr=1(
m2λI2

mI2
λ2(p+1)γ̄

)−l−Ndm2
Γ

(
l+t+

1

2
+Nsm1+Ndm2

)

×Φ2

(
Nsm1+Ndm2+l+t+

1

2
;Nsm1+l, Ndm2+t; Nsm1+Ndm2+l+t− 1

2
;

m1λI1

mI1λ1(n+1)γ̄
,

m2λI2

mI2λ2(p+1)γ̄
,
b

2

)]
(15)

Σ(i, u, v)n,l =

(
N−1
n

)
(−1)nτnΩ

(mIi
λIi

)NvmIi (1−NvmIi )l(Numi)l

NumiΓ
(
NvmIi

)
B(Numi, NvmIi )Γ

(
δn +NvmIi +Numi

)
(1 +Numi)l

(16)
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Fig. 1. The impact of the S-R MIMO link size (Ns, Nd) and PUs number N
on the ergodic capacity of two-hop AF MIMO CRNs, with m1 = m2 = 0.7,
mI1 = mI1 = 1, λ1 = λ2 = 2 dB, λI1 = λI2 = 1 dB.

where

Σ̃(i, u, v) =

(
N−1
n

)
(−1)nτnΩα

NvmIi
Ii

B(Numi, NvmIi )
−1

NumiΓ
(
NvmIi

)
Γ
(
δn +NvmIi +Numi

) . (22)

Proof: The result follows by using Ψ(a, b; z) ≈
z→∞

z−a and

Φ2(c, b1, b2, c− 1;x, y, z) ≈
x,y→0

z−c along with some series

manipulations.
Corollary 2: The diversity and coding gains of multiple-

antenna CRNs with AF relaying are, respectively, given by

Gd = min (Nsm1, Ndm2), (23)

Ga =

⎧⎪⎨⎪⎩
Δ(1, s, s)

− 1
Gd Nsm1 < Ndm2;

(Δ(1, s, s) + Δ(2, r, d))
− 1

Gd , Nsm1 = Ndm2;

Δ(2, r, d)
− 1

Gd , Nsm1 > Ndm2;

(24)

where

Δ(i, u, v) =
aN

2
√
π

N−1∑
n=0

∑
Ω
(
n,NvmIi

) Σ̃(i, u, v)Γ( 1
2
+Numi)(

bmIi
λi(n+1)

2miλIi

)Numi
. (25)

Proof: Since the asymptomatic SER in (21) is dominated
by the first and second summations, then re-expressing the SER
in (21) as P l∞

e = (Gaγ̄)
−Gd , where Gd is the diversity order,

and Ga is the array gain [15], yields the desired result.

V. ILLUSTRATIVE NUMERICAL RESULTS

Fig. 1 confirms that the theoretical results match perfectly
their empirical counterparts, hence confirming their correct-
ness. It also suggests significant capacity improvement when
increasing the number of antennas, more so at the destination
(i.e., Nd) than at the source (Ns). Moreover, it clearly appears
that the capacity gap due to the increase of the number of PUs
diminishes as the number of antennas increases. This implies
that a MIMO CRN is able to maintain its performance in
dynamic environments where PUs vary in number when the
antenna arrays are relatively large.

Fig. 2 plots the SER lower bound and its true value via
computer simulations. We can readily note that the lower bound
remains sufficiently tight across the entire SNR range of inter-
est, meaning that it is able to serve as an effective approximation
for the exact SER. As expected, the SER increases with N
while the diversity gain remains unchanged. This increase can
be easily evaluated using (24). We also observe at high SNR that
AF MIMO CRNs exhibit similar error rates with more antennas
at the source or the destination.

Fig. 2. The impact of the S-R MIMO link size (Ns, Nd) and PUs number N
on the SER of two-hop AF MIMO CRNs, withm1=m2=1.5,mI1 =mI1 =1,
λ1 = λ2 = 2 dB, λI1 = λI2 = 1 dB, a = 0.5, b = 1.

VI. CONCLUSION

In this letter, new closed-form expressions for the ergodic
capacity as well as the average error rate lower bound and its
asymptotic value were derived for spectrum-sharing cognitive
amplify-and-forward (AF) relay networks employing maximum
ratio transmission/maximum ratio combining (MRT/MRC)
schemes at the multiple-antenna source-destination pair. The
findings of the paper are instructional on how the parameters of
the secondary and/or primary networks affect the performance
of the system.
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