
3918 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 64, NO. 9, SEPTEMBER 2015

Distributed Beamforming for Two-Way DF Relay
Cognitive Networks Under Primary–Secondary

Mutual Interference
Ali Afana, Ali Ghrayeb, Vahid Reza Asghari, and Sofiéne Affes

Abstract—In this paper, we consider collaborative beamform-
ing for a cooperative two-way relay spectrum-sharing system
where a pair of secondary transceivers communicates via a set
of secondary decode-and-forward (DF) relays in the presence of
multiple primary transceivers. Among the available relays, only
those that receive the signals reliably participate in the cooper-
ative beamforming process and use network coding to simulta-
neously transmit the weighted signals to the transceivers. Two
practical two-way relaying strategies are investigated, namely,
DF-XORing and DF-superposition. The former is based on bitwise-
level XORing of the detected signals at the relays, whereas the
latter is based on symbolwise-level addition at the relays. For each
relaying strategy, we derive general optimal beamforming vectors
at the relays to keep the interference inflicted on the primary
receivers to a predefined threshold. Employing zero-forcing beam-
forming as a special case, we present an analytical framework of
the performance of the secondary system considering the effect
of the primary–secondary mutual cochannel interference (CCI).
In particular, we derive closed-form expressions for the outage
probability, bit error rate (BER), and achievable sum rates over
independent and identically distributed Rayleigh fading channels.
Numerical results demonstrate the effectiveness of beamforming
in compensating for the cognitive system performance loss due
to CCI in addition to mitigating the interference to the primary
receivers. Simulation results also show that, when the received
signals at the relays are equally weighted, DF-XOR always out-
performs both DF-superposition and amplify-and-forward (AF)
relaying.

Index Terms—Cognitive radio (CR), distributed beamform-
ing, performance analysis, spectrum-sharing systems, two-way
relaying.
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I. INTRODUCTION

THE RADIO spectrum is a scarce and valuable resource
that is strictly managed by spectrum regulation agencies.

In addition, recent reports have shown that most of the licensed
spectrum is underutilized. Cognitive radio (CR) is proposed as
an efficient means to enhance spectrum utilization [1], [2]. The
notion of CR is to allow the secondary users (SUs) to access
the spectrum of the primary users (PUs) without harming the
quality of service of the latter. Recently, cooperative relaying
techniques combined with CR have received considerable inter-
est from the research community since it can further improve
the reliability and performance of CR systems. An overview
of cooperative relaying in CR networks is given in [3] and
references therein. It is worth mentioning that most of the
work reported in the literature focused on cooperative one-way
relaying communications in CR systems [4]–[6].

To further improve bandwidth efficiency, cooperative two-
way relaying has emerged as a promising solution where var-
ious relaying strategies have been applied at the relay nodes
[7], [8]. Typically, for two users to exchange information via
a relay node, four time slots are required. However, one may
utilize network coding to bring the number of required time
slots down to three or two, depending on the way the two
received signals are combined at the relay. At the destina-
tions, a self-interference cancelation process is employed at
each destination to extract the intended message [9]–[12]. The
two received signals at a relay can be combined based on
symbolwise-level superposition or bitwise-level XORing. Thus,
cooperative two-way relaying can be incorporated in CR net-
works to further improve spectrum utilization. Recently, in [13],
outage probability expressions for both primary and secondary
systems were derived in a cooperative two-way decode-and-
forward (DF) relaying system where an SU helps two primary
transceivers to communicate with each other. Yang et al. in [14]
extended the work in [13] for two-way amplify-and-forward
(AF) relaying for spectrum-sharing systems. In [15], Ubaidulla
and Aissa presented an optimal scheme for power allocation
and relay selection in a CR network where a pair of SUs
communicate with each other through a group of secondary
relays in the presence of a PU. All previous works considered
power control techniques to manage the interference reflected
on the PUs.

Alternatively, collaborative beamforming has emerged as
an effective solution to mitigate the interference in coopera-
tive spectrum-sharing systems [16], [17]. While most of the
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existing works focused on distributed beamforming in one-
way communication [18], little attention has been paid to dis-
tributed beamforming in two-way communication CR systems
[19]–[22]. Recently, in [19], the problem of sum-rate maxi-
mization with interference constraints at the PU for a multi-
antenna AF cognitive two-way relay network was investigated
where joint beamforming and power allocation was studied.
Safavi et al. in [20] considered a similar network model as in
[19] but with multiple single-antenna AF relays. They obtained
the optimal beamforming coefficients using iterative semidef-
inite programming (SDP) and bisection search methods with
the objective of minimizing the interference at a PU with
SU signal-to-interference-plus-noise ratio (SINR) constraints.
This scheme suffers from high computational complexity and
implementation difficulties. A common assumption among all
previous works is that they considered only one PU that
coexists with the SUs. In [21], we studied a distributed zero-
forcing beamforming (ZFB) method for two-way AF relay-
ing in a spectrum-sharing environment where a comparison
between two- and three-time-slot (TS) transmission protocols
was investigated. In [22], Wang et al. proposed a transceiver
design for an overlay cognitive two-way relay networks where
a secondary multiantenna relay helps two PUs communicate.
Optimal precoders were derived using SDP and second-order
cone programming methods. AF and DF with XORing and
superposition relay strategies were employed at the secondary
relay.

We adopt in this paper collaborative distributed beamforming
in a two-way DF-selective relay CR network. We consider
a three-TS underlay spectrum-sharing two-way relay network
comprising two secondary transceivers communicating with
each other via a number of secondary DF relays in the presence
of a number of PUs.1 In the first and second TSs, the first
and second transceivers broadcast their signals to all available
relays, respectively. In the third TS, only the relays that receive
the signals (from both transceivers) reliably are used for relay-
ing and beamforming. Specifically, the selected relays combine
the two received signals using physical-layer network coding
(XORing or superposition) and employ distributed beamform-
ing to keep the reflected interference at the primary receivers
(PU-RXs) to a predefined threshold in addition to improving
the performance of the secondary system.

In this paper, we aim to address three main issues: 1) which
two-way relaying strategy should be chosen to achieve two-way
communication between the two transceivers; 2) how to design
the optimal beamforming weights at the secondary relays to
maximize the received signal-to-noise ratios (SNRs) at the
destinations while the interference to the PU-RXs is constrained
to a tolerable threshold; and 3) how to allocate the power at
the relays in an efficient way. To this end, we consider two-
way relaying strategies: DF-XOR and DF-superposition. For
each relaying strategy, we adopt the suboptimal ZFB vectors
as a special case of optimal beamforming for tractability at
the secondary relays. To analyze the system performance and

1We adopt the three-TS protocol instead of the two-TS protocol for the fol-
lowing reasons: 1) to keep the complexity at the relay low (no self-interference)
and 2) to allow different weighting of the received signals at different TSs.

compare between the relaying strategies, we present an ana-
lytical framework for each relaying strategy under the effect
of the primary transmitter’s (PU-TXs) cochannel interference
(CCI). In particular, we derive closed-form expressions for the
end-to-end (E2E) outage probability, bit error rate (BER), and
achievable sum rates. To get more insight, we derive asymptotic
expressions of the outage and BER performance at high SNRs.
We also compare the proposed relaying strategies with the
three-TS AF relaying strategy reported in [21]. The analytical
and simulation results show that DF-XOR outperforms DF-
superposition and AF when fixed power allocation is used at
the relays. However, when optimal power allocation is used
at the relays, DF-superposition performs similar to DF-XOR,
whereas the former outperforms AF. This is attributed to the
different weighting of the received signals at the relays where
the transceiver with higher transmit power is weighted with
a higher weight as compared with the transceiver with lower
transmit power. The results also demonstrate the efficacy of
combining beamforming and cooperative diversity for compen-
sating for the secondary performance loss due to the CCI.

The rest of this paper is organized as follows. Section II
describes the system and channel models. ZFB weight design
is described in Section III. Section IV introduces the E2E
performance analysis. The numerical results are presented in
Section V. Section VI concludes this paper.

Notations: Throughout this paper, the Frobenius norm of
the vectors is denoted by ‖ · ‖·. The transpose and conjugate
transpose operations are denoted by (.)T and (.)†, respectively.
|x| means the magnitude of a complex number x. CN ∼ (0, 1)
refers to a complex Gaussian normal random variable with
zero mean and unit variance. Diag(x) and Diag(X) denote a
diagonal matrix whose diagonal elements are the elements of
vector x and matrix X, respectively.

II. SYSTEM AND CHANNEL MODELS

A. System Model

We consider a two-way relaying system that is composed of
two secondary transceivers Sj , j = 1, 2 and a set of L DF sec-
ondary relays denoted by Ri for i = 1, 2, . . . , L coexisting in
the same spectrum band with a primary system consisting of a
cluster of M primary transmitter (PU-TX)–N primary receiver
(PU-RX) pairs, as shown in Fig. 1. All nodes are equipped
with one antenna. The two SUs wish to exchange information
through the secondary relays. It is assumed that there is no
direct link between the two SUs. The relay nodes operate in
the half-duplex mode, and they use the time-division broadcast
protocol during three TSs (TSi), i = 1, 2, 3 [7]. In TS1, based
on the channel state information (CSI) from S1 to the nth PU-
RX, which suffers the most interference caused by S1 (the
strongest interference channel), S1 adjusts its transmit power
under a predefined threshold Q1 and broadcasts its message
to all relays.2 Similarly, in TS2, based on the interference CSI
from S2 to the n̄th PU-RX, which suffers the most interference

2It is assumed that S1 and S2 have perfect knowledge of their interference
channel power gains, which can be acquired through a spectrum-band manager
that mediates between the PUs and SUs [5], [14], [18].
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Fig. 1. Spectrum-sharing system with two-way DF relaying.

caused by S2 (the nth and n̄th PU-RXs could be different or
the same), S2 adjusts its transmit power under a predefined
threshold Q2 and broadcasts its message to all relays. In TS3,
distributed beamforming is applied where ZFB is encompassed
as a special case to null the interference from the selected
potential relays Ls (that are eligible to participate) to the N
PU-RXs so that the relays are always able to transmit without
interfering with the PU-RXs.

All channel coefficients are assumed to be independent
Rayleigh flat fading such that |hsj ,ri |2, |fsj ,n|2, |fri,n|2,
|gm,sj |2, and |gm,ri,j |2 are exponential distributed ran-
dom variables with parameters λsj ,ri , λsj ,n, λri,n, λm,sj ,
and λm,ri,j , respectively. Let the ZFB vectors wT

zf1
=

[w11, w12, . . . , w1Ls
] be used to direct the signal to S1 and

wT
zf2

= [w21, w22, . . . , w2Ls
] to direct the signal to S2, and

Wzf is an Ls × Ls ZFB processing matrix. Let hT
r,sj

=
[hr1,sj , . . . , hrLs ,sj

] be the channel vectors between the poten-
tial relays and Sj , j = 1, 2. Let FT

rp = [fr,p1
, . . . , fr,pN

] be the
channel matrix between the relays and all N PU-RXs, where
fr,pn

= [fr1,n, . . . , frLs ,n
].

In the underlying system model, we assume that the
transceivers have perfect knowledge of the CSI [7]. In prac-
tice, this CSI can be obtained by traditional channel training,
estimation, and feedback mechanisms (see, for example, [23]
and references therein). Moreover, the transceivers are assumed
to have full knowledge of the interference between Ls relays
and PUs, i.e., Frp. Exploiting the knowledge of the CSI at
the transceivers, wzf1 and wzf2 are designed at S1 and S2

and sent back to the relays by only one of the transceivers
via low-data-rate feedback links, and that is applicable in
slow-fading environments [16], [17]. We acknowledge that
obtaining the interference might be a challenging problem in
practice.

B. Transmission Model

As previously mentioned, the communication process occurs
over three TSs. In the first time slot, i.e., TS1, S1 transmits, and
in the second time slot, i.e., TS2, S2 transmits. As such, when

Sj for j = 1, 2 transmit, the received signal at the ith relay is
given as

yri,j =
√

Pjhsj ,rixsj +

M∑
m=1

√
Pintgm,ri,j x̂im,j + ni,j (1)

where Pj is the transmit power of Sj , Pint is the interference
power inflicted from the PU-TX, xsj is the information symbol
of Sj , x̂im,j is the mth PU-TX interfering symbol at the ith
relay, and ni,j denotes the noise at the ith relay in the jth TS.
We assume that the transmitted symbols are equiprobable with
unit energy. As the secondary relays adopt the DF relaying
strategy, they need to decode the signals in TS1 and TS2,
respectively. Upon receiving both signals, the set of relays,
which can correctly decode both xs1 and xs2 by using cyclic
redundancy codes, is known as the decoding set C. Each relay
in the set C performs certain processing and then simultane-
ously forwards the combined signal in the third TS to both
transceivers. In the following, we consider the DF-XOR and DF-
superposition relaying strategies in our analysis and compare
their performances with a performance of three-TS AF relaying
in Section V.

1) XOR Relaying: In this strategy, each relay combines the
received signals from TS1 and TS2 by adding the decoded bit
sequences exclusively. Let bsj denote the decoded bit sequence
from xsj , for j = 1, 2. By applying XOR operation (⊕), the
combined bit sequence results in bs1,2

= bs1 ⊕ bs2 . Then, the
combined bit sequence is encoded, modulated, and weighted as
Ls × 1 signal xs1,2 = Wzfbs1,2

. Thus, the received signal at
each Sj is given by

ysj ,3 =
√

Prh
†
r,sj

xs1,2 +
M∑

m=1

√
Pintgm,sj x̂jm,3 + nj,3 (2)

where Pr is the total transmit power at the relays, x̂jm,3 is
the mth PU-TX interfering symbol at Sj , and nj,3 denotes the
noise at each Sj in TS3. Each Sj can demodulate the received
signal and then XOR it with its own transmit bits to obtain the
desired data.

Therefore, the corresponding total received SINR at Sj

given C, which is denoted as γ⊕
sj |C , is given by

γ⊕
sj |C =

Pr

∣∣∣h†
r,sj

xs1,2

∣∣∣2∑M
m=1 Pint

∣∣gm,sj

∣∣2 + σ2
(3)

where σ2 is the noise variance at Sj .
2) Superposition Relaying: If the secondary relays adopt the

superposition relaying strategy, each relay weights the received
signals (from both sources) and combines them linearly, i.e.,
xs1,2 =

√
α1wzf1xs1 +

√
α2wzf2xs2 . Then, the received sig-

nal at each Sj is given by

ysj ,3 =
√

Prh
†
r,sj

(
√
α1wzf1xs1 +

√
α2wzf2xs2)

+

M∑
m=1

√
Pintgm,sj x̂jm,3 + nj,3 (4)
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where α1 and α2 are the power allocation parameters such
that α2

1 + α2
2 = 1. As each Sj has perfect knowledge of xsj ,

wzf j , and h†
r,sj

, it subtracts the self-interference term, and
therefore, the resultant total received SINR at Sj given C, which
is denoted as γ+

sj |C , is given by

γ+
sj |C =

Prαj

∣∣∣h†
r,sj

wzf j

∣∣∣2∑M
m=1 Pint

∣∣gm,sj

∣∣2 + σ2
. (5)

Remark: If the relay does not have any knowledge of the
channels between itself and the transceivers, it chooses α1 =
α2 = 0.5. For the case when the ith relay has some channel
knowledge about hri,s1 and hri,s2 (it may learn it during the
previous transmission from the transceivers to the ith relay in
the slow-fading environments), αj may be optimized such that
the sum rate is maximized.

C. Mathematical Model and Size of C
In the underlay approach of this model, Sj can utilize

the PU’s spectrum as long as the interference it generates
from the most affected PU-RX remains below the interference
threshold Qj . For that reason, Pj is constrained as Pj =
min{Qj/(maxn=1,...,N |fsj ,n|2), Psj}, where Psj is the maxi-
mum transmission power of Sj , for j = 1, 2 [24]. Hence, the
received SINR at the ith relay in the kth TS for k = 1, 2 is
given as

γsj ,ri,k =

min

{
Qj

max
n=1,...,N

|fsj,n|2
, Psj

}∣∣hsj ,ri

∣∣2
∑M

m=1 Pint |gm,ri,k|
2 + σ2

. (6)

Lemma 1: The cumulative distribution function (cdf) expres-
sion of the received SINR at the ith secondary relay in the kth
TS is derived as

Fγsj,ri,k
(x)

= 1−e
−

λsj,ri
σ2x

Psj FT

(
Qj

Psj

)(
λsj ,riPintx

λm,ri,kPsj

+1

)−M

− ψ
QjNλsj ,n

λsj ,riPintx

N−1∑
n=1

(
N − 1

n

)
(−1)n×e

− Qj
Psj

λsj,n
(n+1)

×
[
(−1)κ−1βκeβμEi[−βμ]

κ∑
a=1

Γ(a)(−β)κ−aμ−a))

]

(7)

whereFT (Qj/Psj)=(1−e(λsj,n
Qj)/Psj)N ,ψ=e−((λsj,ri

σ2x)/Psj
)

(λM
m,ri,k

/Γ(M)), κ=M−1, β=(σ2/Pint)+((n+1)λsj ,nQj/
λsj ,riPint, x), μ = λm,ri,k + ((λsj ,riPint, x)/Psj ), and Ei[.]
is the exponential integral defined in [25, Eq. (8.211)].

Proof: See Appendix A.
As previously mentioned, we define C to be the set of relays

that perfectly decode both signals received in TS1 and TS2,
which implies that there is no outage at these relays. This

translates to the fact that the mutual information between each
Sj and each ith relay is above a specified target value. In
this case, the potential ith relay is only required to meet the
decoding constraint given as [26]

Pr[Ri∈C]=Pr

[
1
3
log2

(
1+γsj ,ri,k

)
≥ Rth

2

]
, i=1, . . . , L

(8)

where (1/3) is from the message transmission in three TSs,
and Rth denotes the minimum target rate below which outage
occurs. By using the binomial distribution, the probability that
the size of C is equal to Ls, which is denoted by Pr[|C| = Ls],
becomes

Pr [|C| = Ls] =

(
L

Ls

)
PL−Ls

off (1 − Poff)
Ls (9)

where Poff denotes the probability that the relay fails to decode
any one of the signals or both the signals and keeps silent in
TS3. Let Po1 and Po2 be the outage probabilities at any ith relay
for a signal transmitted from S1 and S2, respectively, then Poff

is computed as

Poff = 1 − (1 − Po1) (1 − Po2) (10)

where Poj for j = 1, 2 can be computed from (7) as

Poj = Fγsj,ri,k
(γth) (11)

where γth = 2(3/2)Rth − 1 is the SINR threshold at the ith relay
in the kth TS.

III. OPTIMAL BEAMFORMING WEIGHTS DESIGN

Our objective here is to maximize the received SNRs at the
two transceivers to enhance the performance of the secondary
system while limiting the interference to the PU receivers to a
tolerable level. Mathematically, the problem formulations for
finding the optimal weight vector are described as follows:

max
vopt1

,Pv

Pv

∣∣h†
r,s1

vopt1

∣∣2
s.t. : Pv

∣∣f †r,pi
vopt1

∣∣2 ≤ Qi ∀ i = 1, . . . , N∥∥vopt1

∥∥2
= 1, Pv ≤ Pr (12)

max
vopt2

,Pv

Pv

∣∣h†
r,s2

vopt2

∣∣2
s.t. : Pv

∣∣f †r,pi
vopt2

∣∣2 ≤ Qi ∀ i = 1, . . . , N∥∥vopt2

∥∥2
= 1, Pv ≤ Pr. (13)

To solve the given problems, we first find the optimal beam-
forming vectors voptj for j = 1, 2, and then, the relay transmit
power Pv is found so that the interference constraint is satisfied.
We decompose voptj as a linear combination of two orthonor-
mal vectors, namely, voptj = αvj

wzf j + βvj
woj

, where αvj

and βvj
are complex valued weights with |αvj

|2 + |βvj
|2 = 1

to keep ‖voptj‖2 = 1.
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Fig. 2. Geometric explanation of voptj .

For the zero-interference constraint case, i.e., Qi = 0 for all
i = 1, . . . , N , the optimal beamforming vectors are the ZFB
vectors, i.e., voptj = wzf j . According to the ZFB principles,
wzf1 and wzf2 are chosen to lie in the orthogonal space of F†

rp

such that |f †r,pi
wzf1 | = 0 and |f †r,pi

wzf2 | = 0, ∀ i = 1, . . . , N
and |h†

r,s1
wzf1 |, |h†

r,s2
wzf2 | are maximized. By applying a

standard Lagrangian multiplier method, the weight vectors that
satisfy the given optimization methods are given as

wzf1 =
Ξ⊥hr,s1

‖Ξ⊥hr,s1‖
, wzf2 =

Ξ⊥hr,s2

‖Ξ⊥hr,s2‖
(14)

where Ξ⊥ = (I− Frp(F
†
rpFrp)

−1F†
rp) is the projection idem-

potent matrix with rank (Ls −N) [21]. It can be observed from
the rank of the matrix that the cooperative ZBF beamformer
becomes effective only when Ls > N . For the nonzero interfer-
ence constraint, the secondary relays can increase their transmit
power in their own direction, i.e., hr,sj . Generally, in this case,
the beamforming vector is not in the null space of Frp, and
since w†

zf j
woj

= 0, we have

woj
=

hr,sj −w†
zf j

hr,sjwzf j√
1 −

∣∣∣w†
zfhr,sj

∣∣∣2 . (15)

By finding wzf j and woj
, the optimal weights are derived as

follows.
We have Pv|f †r,pi

(αvj
wzf j + βvj

woj
)|2 ≤ Qi. Since

f †r,pi
wzf j = 0, then |βvj

| ≤
√

Qi/(Pv‖fr,pi
‖2|f †r,piwoj

|2)
for i = 1, . . . , N . For a certain value of Pv, βvj

is given by

βvj
= min(

√
Qi/(βvj

‖fr,p1
‖2|f †r,piwoj

|2)), i = 1, 2, . . . , N

and αvj
= (w†

zf j
hr,sj/|w

†
zf j

hr,sj |)
√

1 − β2
vj

, and Pv ≤ Pr.

To elaborate, a geometric explanation of voptj is given in
Fig. 2, where, by rotating voptj from the ZFB vector wzf j

toward the maximum ratio transmission (MRT) beamformer
hr,sj/‖hr,sj‖, the secondary relays can maximize the SNR re-
ceived at the secondary destination at the expense of increasing
the interference to the PU while still respecting a predefined

threshold Qi. In the case of MRT, voptj = hr,sj/‖hr,sj‖, the
interference becomes inactive (noncognitive case). Overall, the
optimal beamforming vector is given as

voptj =
hr,sj −w†

zf j
hr,sjwzf j√

1 −
∣∣∣w†

zfhr,sj

∣∣∣2 +
Ξ⊥hr,sj

‖Ξ⊥hr,sj‖
. (16)

Although the optimal scheme yields the maximum SNR at
the secondary receiver, it is not commonly used due to its
intractability, both in terms of design complexity and perfor-
mance analysis. As an alternative, ZFB may be used for its
simplicity and low complexity. For the analysis part, we only
consider wzf j for j = 1, 2 because it enables us to obtain
closed-form expressions and get insights on the asymptotic
performance of the underlying system.

A. XOR Relaying

Since each relay knows its weight coefficients, the ZFB
matrix Wzf is made up by the diagonal of the product of the
two ZFB vectors wzf1 and wzf2 , which is represented as (see
[16], [17], and [19] and references therein)

Wzf = Diag
(
wzf1w

T
zf2

)
. (17)

It is worth noting that the weights matrix is diagonal, which
guarantees that the relays transmit only their own received
signal and that there is no data exchange among the relays.
Thus, the algorithm works in a distributed manner.

B. Superposition Relaying

The ZFB vectors in superposition relaying are simply chosen
to be wzf1 and wzf2 , given by (14) in the first and second
TSs, respectively. In the third TS, the weighted received signals
are linearly combined with certain power allocation values, as
previously described.

IV. PERFORMANCE ANALYSIS

Here, we examine the performance of the proposed relaying
strategies in terms of the outage probability, BER, and achiev-
able sum-rate metrics in the presence of CCIs. As we will see,
the derived expressions are cumbersome, and therefore, to get
more insights, we derive asymptotic expressions for the outage
and BER performance.

A. Statistics of the Total Received SINR

Now, after finding Wzf in the XOR relaying strategy, we
substitute (17) into (3) to get the total received SINR at Sj given
C, i.e.,

γ⊕
sj |C =

Pr‖Ξ⊥hr,sj‖2∑M
m=1 Pint|gm,sj |2 + σ2

. (18)
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Similarly, substituting (14) into (5), the total received SINR at
Sj given C in the superposition relaying case is given by

γ+
sj |C =

Prαj‖Ξ⊥hr,sj‖2∑M
m=1 Pint|gm,sj |2 + σ2

. (19)

To analyze the system, we first need to obtain the probability
density function (pdf) and the cdf of the unconditional total
received SINR, i.e., γ∗

sj
, where (∗) refers to (+) or (⊕).

Lemma 2: The cdf expression of the total received SINR at
Sj is given by substituting the values of αj = 1 for the XOR

and 0 < αj < 1 for the superposition relaying strategy in the
following expression:

Fγ∗
sj
(x) =

N∑
Ls=0

(
L

Ls

)
PL−Ls

off (1 − Poff)
Ls

+

L∑
Ls=N+1

(
L

Ls

)
PL−Ls

off (1 − Poff)
Ls

×

⎛
⎜⎝1 −

λM
m,sj

Γ(M)

Ls−N−1∑
i=0

i∑
k=0

(
k

i

)
P k
int(σ

2)
i−k

× e
− σ2x

αjPr
(M − 1 + k)!xi(

λm,sj +
Pintx
αjPr

)M+k

⎞
⎟⎠ . (20)

Proof: See Appendix B.
The pdf of γ∗

sj
, denoted by fγ∗

sj
(γ), is simply obtained by

differentiating (20). For an interference-limited scenario, i.e.,
σ2 = 0, it is given as

fγ∗
sj
(x) =

N∑
Ls=0

(
L

Ls

)
PL−Ls

off (1 − Poff)
Lsδ(x)

+

L∑
Ls=N+1

(
L

Ls

)
PL−Ls

off (1 − Poff)
Ls

× Γ[Ls −N +M ]

⎛
⎜⎝ ζ xLs−N−1(

x
αjPr

+
λm,sj

Pint

)Ls−N+M

⎞
⎟⎠

(21)

where ζ = (λm,sj )
M/(Γ(ϕ)Γ(M)PM

int(αjPr)
ϕ), and δ(.) is

the Dirac function that refers to the received signal-to-
interference ratio (SIR) when the relays are inactive. It is plotted
in Fig. 3 for various values of Pint. It clarifies the effect of
reducing the interference power from PU-TXs on improving the
total received SINR at Sj . As Pint decreases, the curve shifts
toward the right side, which means that the probability to have
a better received SINR for a certain channel condition becomes
higher.

In the subsequent sections, we exploit the statistics of the re-
ceived SINR at both transceivers to investigate the performance
of the outage probability, the E2E BER, and the achievable
sum-rate metrics.

Fig. 3. PDF of the E2E received SIR at Sj , i.e., fγ∗
sj

(γ).

B. Outage Probability

An outage event occurs when the total received SINR falls
below a certain threshold γth and is expressed as Pout∗

j
=

Pr(γ∗
sj

< γth). By using (20), the user outage probability of
Sj in a closed form can be written as

Pout∗
j
= Fγ∗

sj
(γth). (22)

To get more insight on the key parameters, e.g., M , N , L, etc.,
we derive an approximate expression for the outage probability
that shows the behavior of the system at high SINRs.

Corollary 1: An asymptotic outage probability expression is
given by substituting the values of αj = 1 for the XOR and 0 <
αj < 1 for the superposition relaying strategy in the following
expression:

P∞
out∗

j
=

N∑
Ls=0

(
L

Ls

)
P̃L−Ls

off (1 − P̃off)
Ls

+

L∑
Ls=N+1

(
L

Ls

)
P̃L−Ls

off (1 − P̃off)
LsFγ∗

sj |C
(γth) (23)

whereP̃off

Psj→∞
≈ (

∑N−1
n=0

(
N−1
n

)
((−1)n/(n+1)2))((λsj ,riMNPint)/

(λsj ,pλm,ri,kQj))γth+(1−e−(Qj/λsj,p
Psj

))N ((λsj ,riMPint)/
(λm,ri,kPsj ))γth, and Fγ∗

sj |C
(γth) is given in (36).

Proof: See Appendix C.
As can be observed from (23), when the peak interference

threshold Qj is fixed and the maximum transmit power
Psj → ∞, the outage performance exhibits the error floor at the
high SINR. As a conclusion, the diversity order is zero at high
SINR, and therefore, the secondary network is more applicable
in the low Psj values. We also observe from (23) that increasing
M and N degrades the outage probability. However, increasing
L improves the outage probability.
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C. E2E BER

We analyze the BER performance due to errors occurring
at Sj assuming that all participating relays have accurately
decoded and regenerated the message. This probability could
be evaluated using the following identity:

Perr∗
j
=

a
√
b

2
√
π

∞∫
0

e−bu

√
u
Fγ∗

sj
(u) du. (24)

Since Perrj depends on the modulation scheme, many expres-
sions can be used. For example, binary phase-shift keying
(BPSK) is obtained by setting (a, b) = (1, 1), whereas quadra-
ture phase-shift keying is attained by setting (a, b) = (2, 1/2).

Theorem 1: A closed-form expression for a two-way DF
relaying strategy with ZFB is given by substituting the values
of αj = 1 and 0 < αj < 1 in the XOR and the superposition
relaying strategies, respectively. Thus

Perr∗
j
=

a

2

N∑
Ls=0

(
L

Ls

)
PL−Ls

off (1 − Poff)
Ls

+

L∑
Ls=N+1

(
L

Ls

)
PL−Ls

off (1 − Poff)
Ls

×
(
a

2
−

(
σ2

αjPr
+ b

)−β (
Pint

αjPr

)−(M+k)

× ηΦ

Γ(M + k)
G1,2

2,1

(
Pint

bαjPr + λm,sjσ
2

∣∣∣∣1,1−β

M+k

))

(25)

where η=(Pint/αjPr)
−(M+k)/Γ(M+k), β= i−M−k+0.5,

Φ=(a
√
b/2

√
π)(λM

m,sj
/Γ(M))

∑Ls−N−1
i=0

∑i
k=0

(
k
i

)
P k
int(σ

2)
i−k

(M − 1 + k)!, and G·,·
·,·(·) is Meijer’s G-function defined in

[25, Eq. (9.301)].
Proof: See Appendix D.

It is worth noting that Meijer’s G-function is implemented
in many mathematical softwares such as MATLAB and
Mathematica.

Although the expressions in (25) enable numerical evaluation
of the exact E2E BER performance, it may not provide useful
insights on the effect of key parameters (e.g., the number of
secondary relays, the number of PUs, etc.) that influence the
system performance. To get more insights, we now introduce
an asymptotic BER expression, i.e., Psj → ∞, for the DF-XOR

and DF-superposition relaying strategies.
Corollary 2: An asymptotic BER expression is given by sub-

stituting the values of αj = 1 for the XOR and 0 < αj < 1 for
the superposition relaying strategy in the following expression:

P∞
err∗

j
=

a

2

N∑
Ls=0

(
L

Ls

)
P̃L−Ls

off (1 − P̃off)
Ls

+

L∑
Ls=N+1

(
L

Ls

)
P̃L−Ls

off (1 − P̃off)
Ls I2 (26)

where I2 is evaluated in (52).

Proof: The proof is similar to the proof of Corollary 1.
Similar to the asymptotic outage probability case, (26) sug-

gests the zero diversity gain with similar conclusions. It is worth
noting that the diversity gain of (L−N) is achieved in the low-
Qj regime. However, if Psj is limited, an error floor will occur,
and hence, the diversity gain approaches zero at high SINRs.
Mathematically, the asymptotic diversity order d with respect
to Psj is given by

d = lim
Psj

→∞
−
log

(
P∞
err∗

j

)
log(Psj )

= lim
Psj

→∞
− log(K)

log(Psj )
= 0 (27)

where K is a nonzero constant. Note that I2 contains Meijer’s
G-function with λm,sj , Pint, Pr, M , and αj , which are all con-
stants. Consequently, evaluating I2 leads to a nonzero constant
K. Hence, the diversity order is zero in the case that Qj is fixed,
as in (27).

For the second case, that is, for low to medium values of
Psj , we assume that Qj scales with the maximum power level
Psj , i.e., Qj = aPsj , which effectively neglects the effect of
the interference constraint by allowing for large transmit power.
The objective here is to examine the achievable diversity for
this range of Qj . In this region, we get a diversity gain of the
total number of available relays minus the number of primary
receivers. This shows that a number of freedom degrees limit
the interference inflicted on the N primary receivers.

D. Achievable Sum Rate

The achievable sum rate is a substantial performance metric
for wireless communications systems because it determines the
maximum achievable transmission rate under which the system
may adequately function. Specifically, for two-way relaying
systems, the achievable sum rate can be expressed as [7], [27],
[29]

Rsum =
1
3
E
[
log2

(
1 + γ∗

s1

)]
︸ ︷︷ ︸

R1

+
1
3
E
[
log2

(
1 + γ∗

s2

)]
︸ ︷︷ ︸

R2

. (28)

Theorem 2: A closed-form expression for the unconditional
achievable rate at Sj in an interference-limited scenario is given
by substituting the values of αj = 1 and 0 < αj < 1 in the XOR

and the superposition relaying strategies, respectively. Thus

Rj =

L∑
Ls=N+1

(
L

Ls

)
PL−Ls

off (1− Poff)
Ls ψ̄

×G3,2
3,3

(
Pint

λm,sjαjPr

∣∣∣∣1,M,1+M

Ls−N+M,M,M

)
(29)

where ψ̄=(log2(e)/3)(((−1)−M−1(αjPr)
M )/(Γ(ϕ)Γ(M)PM

int)).
By substituting (29) into (28), we get a closed-form expression
of the achievable sum rate of the system.

Proof: See Appendix E.
It can be seen from (29) that when the number of the relays is

less than the number of primary receivers, i.e., Ls < N , the first
term of the sum-rate expression disappears because the relays
are in inactive mode.
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Fig. 4. Outage probability versus Q (dB) for M = N = 2, 3, L = 10, and
different Pint values.

V. NUMERICAL RESULTS AND DISCUSSION

Here, we investigate the performance of the derived results
through numerical examples and simulations. Unless otherwise
stated, let dSj ,Ri

denote the distance from Sj to the ith relay,
and hence, dS1,Ri

= 1 − dS2,Ri
. Furthermore, the path-loss

exponent is set to 4. We assume that the relays are located on a
straight line vertical to the distance between the two sources;
however, the results and conclusions of this paper extend to
any setting. We further assume that the primary system forms a
cluster where PU-TXs are closely located to each other and as
all PU-RXs. The distance between the transceivers is equal to
one. We also assume that λs1,n = λs2,n = 1, λm,s1 = λm,s2 =
5, λsj ,ri = 1, and λm,ri,1 = λm,ri,2 = 1. We also set Pr =
5 dB, the outage threshold as γth = 1 dB and Q1 = Q2 = Q.
We compare the two DF relaying strategies with a three-TS AF
relaying strategy proposed in [21]. For a fair comparison, we
assume that the total available power at the two transceivers and
the relays, i.e., Psj + Pr ∀ j = 1, 2, is kept the same for the
various relaying strategies. Moreover, we use α1 = α2 = 0.5
for a fixed power allocation strategy. We consider a BPSK mod-
ulation scheme; however, the derived expressions are general
for any higher modulation scheme.

Fig. 4 shows the outage performance of Sj versus Q for
L = 10, M = N = 2, 3 and different values of Pint = 0, 4 dB.
As observed from the figure, as the value of Q increases,
the outage performance substantially improves for all curves.
Clearly, as the number of existing PU-TX increases from two
to three, the outage performance becomes worse as this will
increase the sum of the CCI that severely affects the received
signals at the transceivers. Furthermore, the figure shows the
impact of CCI on the outage performance. As Pint increases,
it degrades the system performance significantly. However, a
compensation of this loss in performance is gained by the use of
beamforming with cooperative diversity. Comparing between
the three strategies, it is seen that the performance of the DF-
XOR outperforms the DF-superposition and AF. The reason is
that, for the case of the DF-superposition, Ri transmits xs1,2 =√
α1wzf1xs1 +

√
α2wzf2xs2 . One of the terms is actually self-

Fig. 5. Asymptotic outage probability versus Psj (dB) for M = N = 2, 3,
L = 6, fixed Pint = 0 dB, and Qj = −1 dB.

Fig. 6. Outage performance comparison employing ZFB and optimal beam-
forming vectors for M = N = 2, L = 8, and fixed Pint = 0 dB.

interference to Sj , and hence, the power used to transmit this
term is wasted. However, when DF-XOR is used, Ri transmits
xs1,2 = Wzfbs1,2

, and no transmission power is wasted to
transmit self-interferences. In the case of AF relaying, the
relays do not decode the signals and simply amplify both the
signal and the noise, which leads to the worst performance.

In Fig. 5, a plot of the asymptotic outage probability is
shown versus Psj for both relaying strategies. It shows a good
agreement between the exact and asymptotic analytical curves
at high SNRs. As predicted by the previous analysis, an error
floor occurs at high values of Psj , which indicates that the CR
networks are only applicable in the low-Psj region.

In Fig. 6, a comparison between employing the optimal
beamforming vector in (16) (simulations only) and ZFB vectors
in (14) in terms of outage performance is investigated. For
the same transmit power and number of relays and PUs, the
results show that there is only a slight difference in the system
performance when employing the optimal beamformer versus
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Fig. 7. E2E BER versus Q (dB) for L = 6, M = N = 2, and different Pint

values.

Fig. 8. E2E BER versus L for M = N = 1, 2 at fixed Pint.

the ZFB as Q becomes higher. However, the complexity of
ZFB is less since it involves only projection to the null space
of the interference channel matrix without designing the weight
parameters αvj

and βvj
.

Fig. 7 shows the E2E BER performance versus Q for L = 6,
8 and M = N = 2. It is obvious that the BER performance
substantially improves as the number of relays increases and Q
becomes looser. This is attributed to the combined cooperative
diversity and beamforming, which enhances the total received
SNR at the receiver. In addition, it is observed from the BER
and outage figures that there is an error floor in the high-Q re-
gion, and the curves result in zero diversity. This error flooring
is due to the limitations on the secondary transmit power and
CCIs. Similar to the outage performance observations, the DF-
XOR outperforms both DF-superposition and AF strategies for
the aforementioned reasons.

Fig. 8 shows the E2E BER performance versus L for M =
N = 1, 2 at fixed Pint = −1.25 dB. As the number of available
relays increases, all relaying strategies’ performance improves.

Fig. 9. Achievable sum rates versus Q (dB) for L = 6, M = N = 2, and
different CCI values.

Fig. 10. Achievable sum rates versus Q (dB) for L = 6, M = N = 2 with
fixed Pint, and different λsj ,p values.

This is due to the reason that the probability of getting more
potential relays that succeed in decoding both signals increases,
i.e., Ls becomes higher, resulting in more participating relays
in the beamforming and relaying process. It is also seen that as
the number of PU-RXs increases from one to two, the BER
performance degrades. Since increasing the number of PU-
RXs makes the probability of avoiding the interference on all
PU-RXs decrease, which forces the secondary transceivers to
transmit with lower power.

In Fig. 9, the achievable sum-rate performance of the sec-
ondary system is illustrated for several values of Pint at the
same values of L = 6 and M = N = 2. The CCI effect de-
grades the performance when it is increased from 0 to 3 dB
for all relaying strategies. It can be observed that the DF-XOR

sum-rate performance is the best; meanwhile, all of the curves
saturate at high values of Qj due to the interference constraints.

Fig. 10 shows the achievable sum-rate performance of the
secondary system versus Q for L = 6 and M = N = 2 and
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different values of Pint and fixed λsj ,p. Again, the same ob-
servations as in the previous figures are repeated. Moreover,
it is clear that the achievable sum rate increases with λsj ,p

increasing from one to five because as λsj ,p increases, the
quality of the channel between Sj and PU-RX becomes worse,
which reduces the CCI between Sj and PU-RX. However, when
λsj ,p reaches a certain value, the achievable sum-rate curve
saturates due to the constraints on Psj and Qj .

VI. CONCLUSION

We have investigated a cooperative two-way DF-selective
relaying-based distributed ZFB spectrum-sharing system in the
presence of multiple PU-RXs. Two different relaying strategies
were considered, and the corresponding optimal weight vectors
were designed. The beamforming weights were optimized to
maximize the received SNR at both secondary transceivers
while the interference inflicted on the PUs is kept to a pre-
defined threshold. For each relaying strategy, we analyzed the
performance of the secondary system by deriving closed-form
expressions for the outage probability, BER, and achievable
sum rates. Our numerical results showed that the combination
of the distributed ZFB and the cooperative diversity enhances
the secondary-link performance by compensating the perfor-
mance loss due to CCI. Moreover, the results showed that
the DF-XOR outperformed DF-superposition and AF relaying
strategies when equal power allocation is assumed at the relays
while the DF-superposition performance is closer to the DF-
XOR when the weighting at the relays is different.

APPENDIX A
PROOF OF LEMMA 1

We derive the cdf of γsj ,ri,k = U/(PintV + σ2), where
U = min{(Qj/(maxn=1,...,N |fsj ,n|2)), Ps}|hsj ,ri |2, and

V =
∑M

m=1 |gm,ri |2. By using the definition of cdf of γsj ,ri,k,
we find

Fγsj,ri,k
(x) =

∞∫
0

Pr
(
U < (Pinty + σ2)x

)
fV (y) dy. (30)

Since V is the sum of M exponential random variables with
parameter λm,ri , it presents a chi-square random variable with
2M degrees of freedom, and its pdf is given by

fV (y) =
λM
m,ri

yM−1e−λm,ri
y

Γ(M)
. (31)

The cdf of U is given as follows [24]:

FU (x)=1−FT

(
Qj

Ps

)
−Nλsj ,n

N−1∑
n=1

(
N − 1

n

)
(−1)n

× e
−Qj

Ps

(
λsj,n

(n+1)+
λsj,ri

x

Qj

)
(
λsj ,n(n+1)+

λsj,ri
x

Qj

) +FT

(
Qj

Ps

)(
1−e

λsj,ri
x

Ps

)

(32)

where FT (Qj/Ps) = Fmaxn=1,...,N
|fsj ,n|2(Qj/Ps) = (1−

e(λsj,n
Qj)/Ps)N . Substituting (31) and (32) into (30) and after

several algebraic manipulations, (30) is equivalently expressed as

Fγsj,ri,k
(x)=1−ψ

∞∫
0

yM−1e
−
(

λsj,ri
Pintx

Ps
+λm,ri,k

)
y

×

⎡
⎢⎣ψ̂ 1

xPint y+σ2x+
(n+1)λsj,n

Qj

λsj,ri

−FT

(
Qj

Ps

)⎤
⎥⎦dy
(33)

where ψ = e−(λsj,ri
σ2x/Ps)(λM

m,ri,k
/Γ(M)), and ψ̂ =

(Qj/λsj , ri)Nλsj , n

∑N−1
n=1

(
N−1
n

)
(−1)ne−(Qj/Ps)λsj,n

(n+1).
After easy simplifications and with the help of [25, Eqs.
(3.351.3) and (3.353.5)], Fγsj,ri,k

(x) is derived as (7), which
concludes the proof.

APPENDIX B
PROOF OF LEMMA 2

To analyze the system performance, we first need to ob-
tain the cdf of γ∗

sj |C . Let U1 = Pr‖Ξ⊥hr,d‖2 and V1 =∑M
m=1 |gm,sj |2 by following the same previous approach, we

need the cdf of U1 and the pdf of V1, which can be obtained
from [4, Eq. (20)] and (31), respectively. We find the condi-
tional cdf of γ∗

sj |C as

Fγ∗
sj |C

(x) =

∞∫
0

ψ1γ
(
τ, (Pint y+σ2)x

αPr

)
yκe−λm,sj

y

Γ(Ls −N − 1)
dy (34)

where ψ1 = λM
m,sj

/Γ(M), and τ = Ls −N . By representing
the incomplete Gamma function into another form utilizing
the identities [25, Eqs. (8.352.1) and (1.11)] and after several
mathematical manipulations, the integral in (34) is expressed as

Fγ∗
sj |C

(x) = 1 − ψ1e
− σ2x

αjPr

Ls−N−1∑
i=0

i∑
k=0

(
k

i

)
P k
int(σ

2)
i−k

×xi

∞∫
0

yM−1+ke
−
(
λm,sj

+
Pintx

αjPr

)
y
dy. (35)

With the help of [25, Eq. (3.3351.3)], Fγ∗
sj |C

(x) is given as

Fγ∗
sj |C

(x) = 1 − ψ1

Ls−N−1∑
i=0

i∑
k=0

(
k

i

)
P k
int(σ

2)
i−k

× e
− σ2x

αjPr
(M − 1 + k)!xi(

λm,sj +
Pintx
αjPr

)M+k
. (36)

To compute the unconditional cdf denoted as Fγ∗
sj |C

(x), we

use the total probability theorem to get (20), which completes
the proof.
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APPENDIX C
PROOF OF COROLLARY 1

From (6), let X = |hsj ,ri |2, Y = maxn=1,...,N |fsj ,n|2, Z =∑M
m=1 Pint|gm,ri |2, and σ2 = 0, then the cdf of γsj ,ri,k condi-

tioned on Z is given as

Fγsj,ri,k
|Z(γ) = Pr

(
QjX

Y
< Zγ, Y ≥ Qj

Psj

)
︸ ︷︷ ︸

I1(Z)

+ Pr

(
PsjX < Zγ, Y <

Qj

Psj

)
︸ ︷︷ ︸

I2(Z)

I1(Z) =

∞∫
ϑ

fY (y)FX

(
Zγ

Qj
y

)
dy (37)

where ϑ = Qj/Psj , and fY (y) = λyN
∑N−1

n=0

(
N−1
n

)
(−1)n

e−(n+1)λyy .
We approximate the cdf of X by applying the Taylor

series expansion, i.e., FX(x) = 1 − e−(λxx) is approximated as

FX(x)
x→0≈ λxx. Using that, we have

FX

(
Zγ

Qj
y

)
Psj→∞
≈ λxZγ

Qj
y. (38)

Using the variable change of y = ((Qj/Psj )u), we obtain

I1(Z)
Psj→∞
≈ NγλxZ

λyQj

(
N−1∑
n=0

(
N − 1

n

)
(−1)n

(n+ 1)2

)

× e
−λy(n+1)Qj

Psj

(
λy(n+ 1)Qj

Psj

+ 1

)
. (39)

With further simplification of (39) as Psj → ∞, it yields

I1(Z)
Psj→∞
≈ γλxZ

λyQj

(
N−1∑
n=0

(
N − 1

n

)
(−1)n

(n+ 1)2

)
. (40)

Next, due to the statistical independence between X and Y , the
second integral I2(Z) is evaluated as

I2(Z) = FY (ϑ)FX

(
γ

Psj

Z

)
. (41)

Moreover, I2(Z) is approximated as

I2(Z)
Psj→∞
≈ FY (ϑ)

(
γ

Psj

Z

)
. (42)

The unconditional cdf of γsj ,ri,k is derived by averaging I1(Z)
and I2(Z) over the pdf of Z as follows:

Fγsj,ri,k
(γ) = EZ

{
Fγsj,ri,k

|Z(γ)
}
= I3 + I4

where I3 = EZ{I1(Z)}, and I4 = EZ{I2(Z)}. To proceed, we
need the pdf of Z. Because Z is the sum of M exponential

random variables with parameter Pint, it presents a chi-square
random variable with pdf given by

fZ(z) =
λM
z zM−1e

− λzz
Pint

Γ(M)PM
int

. (43)

Next, averaging I1(Z) and I2(Z) over the pdf of Z, I3, and I4
are approximated, respectively, as

I3
Psj→∞
≈

(
λxMNPint

λyλzQj

)(
N−1∑
n=0

(
N − 1

n

)
(−1)n

(n+ 1)2

)
γ (44)

I4
Psj→∞
≈ FY (ϑ)

(
λxMPint

λzPsj

)
γ. (45)

Adding (44) and (45) together, we get the asymptotic expres-
sion of the cdf of γsj ,ri,k as follows:

Fγsj,ri,k
(γ)

Psj→∞
≈

(
N−1∑
n=0

(
N − 1

n

)
(−1)n

(n+ 1)2

)

×
(
λxMNPint

λyλzQj

)
γ + FY (ϑ)

(
λxMPint

λzPsj

)
γ. (46)

Computing (46) at γ = γth, we get

P̃off

Psj→∞
≈

(
N−1∑
n=0

(
N − 1

n

)
(−1)n

(n+ 1)2

)
λsj ,riMNPint

λsj ,pλm,ri,kQj
γth

+

(
1 − e

− Qj
λsj,p

Psj

)N (
λsj ,riMPint

λm,ri,kPsj

)
γth. (47)

By substituting (47) into (22), we get (23). This completes the
proof.

APPENDIX D
PROOF OF THEOREM 1

We divide (24) into two integrals as follows:

Perr∗
j
=

a
√
b

2
√
π

⎛
⎜⎜⎜⎜⎜⎝A

∞∫
0

e−bx

√
x

dx

︸ ︷︷ ︸
I1

+B

∞∫
0

e−bx

√
x
Fγ∗

sj |C
(x) dx

︸ ︷︷ ︸
I2

⎞
⎟⎟⎟⎟⎟⎠ (48)

where A =
∑N

Ls=0

(
L
Ls

)
PL−Ls

off (1 − Poff)
Ls , and B =∑L

Ls=N+1

(
L
Ls

)
PL−Ls

off (1 − Poff)
Ls . I1 is evaluated with the

help of [25, Eq. (3.361.2)], which results in
√

π/b. Next,
to compute I2, we represent the integrands of I2 in terms
of Meijer’s G-functions defined in [25, Eq. (9.301)] using
[28, Eqs. (10) and (11)], which are given, respectively, as(

λm,sj +
Pintx

αjPr

)−ν

= ηx−νG1,1
1,1

(
Pintx

λmdαjPr

∣∣∣∣1
ν

)
(49)

where η = (Pint/αjPr)
−(M+k)/Γ(M + k), and ν = (M +

k). Thus

e
−
(
b+ σ2

αjPr

)
x
= G1,0

0,1

((
b+

σ2

αjPr

)
x

∣∣∣∣−
0

)
. (50)
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Thus, I2 yields

I2 =
a

2
− ηΦ

∞∫
0

x−M−k+i− 1
2G1,1

1,1

(
Pintx

λm,sjPr

∣∣∣∣1
M+k

)

×G1,0
0,1

((
b+

σ2

αjPr

)
x

∣∣∣∣−
0

)
dx (51)

where Φ = (a
√
b/2

√
π)(λM

m,sj
/Γ(M))

∑Ls−N−1
i=0

∑i
k=0

(
k
i

)
P k
int(σ

2)i−k(M − 1 + k)!. Exploiting the integral of the
product of a power term and two Meijer’s G-functions
[28, Eq. (21)] I2 results in

I2 =
a

2
− ηΦ

Γ(M + k)

(
Pint

αjPr

)−(M+k) (
σ2

αjPr
+ b

)−β

×G1,2
2,1

(
Pint

bαjPr + λm,sjσ
2

∣∣∣∣1,1−β

M+k

)
(52)

where β = i−M − k + 0.5. By incorporating the results of I1
and I2 into (48), a closed-form expression for the unconditional
E2E BER at Sj is given in (25), which completes the proof.

APPENDIX E
PROOF OF THEOREM 2

First, we obtain the conditional achievable rate for Sj by
averaging over the conditional pdf in (22), which yields

Rj|C =
ζΓ(ϕ+M)

3

∞∫
0

xϕ−1 log2(1 + x)dx(
x

αjPr
+

λm,sj

Pint

)ϕ+M
(53)

where ϕ = Ls −N . Again, expressing the integrand terms in
terms of Meijer’s G-functions, which are, respectively, given as
[28, Eqs. (7), (10), and (11)]

log2(1 + x)

= log2(e)G
1,2
2,2

(
x
∣∣1,1
1,0

)
(54)

xϕ−1

(
x

αjPr
+

λm,sj

Pint

)−(ϕ+M)

=
xϕ−1

(
x

αjPr

)−(ϕ+M)

Γ(ϕ+M)
G1,1

1,1

(
Pintx

λm,sjαjPr

∣∣∣∣1
ϕ+M

)
. (55)

Incorporating (54) and (55) into (53) yields

Rj|C = ψ̄

∞∫
0

G1,1
1,1

(
Pintx

λm,sj
Pr

∣∣∣1
ϕ+M

)
G1,2

2,2

(
x
∣∣1,1
1,0

)
xM+1

dx (56)

where ψ̄=(log2(e)/3)(((−1)−M−1(αjPr)
M )/(Γ(ϕ)Γ(M)PM

int)).
Again, using [28, Eq. (21)], (56) results in

Rj|C = ψ̄ G3,2
3,3

(
Pint

λm,sjαjPr

∣∣∣∣1,M,1+M

Ls,M,M

)
. (57)

Thus, the unconditional closed-form expression is found as in
(29), which completes the proof.
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